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Abstract 

Fractional calculus extends classical calculus by allowing differentiation and 

integration of arbitrary real or complex order. Fractional-order ordinary 

differential equations (FODEs) have become an important mathematical tool for 

modelling systems with memory and hereditary characteristics. Unlike classical 

differential equations, fractional models incorporate non-local dynamics, 

enabling more accurate representations of physical and biological processes. This 

paper presents a comprehensive study of fractional-order ordinary differential 

equations, including their theoretical foundations, solution techniques, and 

practical applications. The fundamental definitions of fractional derivatives such 

as the Riemann–Liouville and Caputo derivatives are discussed. Existence and 

uniqueness theorems are established using fixed-point theory. Analytical and 

numerical methods for solving fractional differential equations are also explored. 

MATLAB-based numerical simulations illustrate the dynamic behaviour of 

fractional systems for different fractional orders. The study further highlights 

applications of fractional differential equations in viscoelasticity, anomalous 

diffusion, electrical circuits, and biological systems. The results demonstrate that 

fractional models provide more flexible and realistic frameworks for describing 

complex dynamic phenomena. 
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1. Introduction 

Fractional calculus is a generalization of classical calculus in which derivatives and integrals can be defined for non-integer 

orders. The idea of fractional differentiation dates back to the seventeenth century when mathematicians began exploring 

the possibility of derivatives of arbitrary order. Over time, fractional calculus has evolved into an important branch of 

mathematical analysis with applications in science and engineering. 

Traditional differential equations are based on integer-order derivatives and assume that system behaviour depends only on 

the present state of the system. However, many real-world processes exhibit memory effects, meaning that their behaviour 

depends on past states. Fractional derivatives inherently incorporate these memory properties through their integral 

representation. 

In recent decades, fractional differential equations have been widely used in modelling phenomena such as viscoelastic 

materials, diffusion processes, electrical circuits, and biological systems. These equations provide a more accurate 

description of processes where classical models fail to capture complex dynamics. 

The growing interest in fractional calculus has led to significant advances in the theoretical analysis and numerical solution 

of fractional differential equations. Researchers have developed various definitions of fractional derivatives, stability 

criteria, and computational algorithms. Despite these advances, several challenges remain, including the efficient 

computation of fractional operators and the development of accurate numerical schemes. 

The objective of this study is to present a detailed analysis of fractional-order ordinary differential equations, focusing on 

their theoretical structure, solution techniques, and applications. 

2. Literature Review 

Research on fractional differential equations has expanded rapidly in recent years due to their effectiveness in modelling 

memory-dependent systems. 

Several researchers have developed numerical methods for solving fractional differential equations. Spectral and finite 

difference methods have been widely applied to approximate solutions of fractional equations with high accuracy. 

Recent studies have introduced improved numerical schemes for time-fractional diffusion equations and nonlinear fractional 

systems. These methods have demonstrated better stability and convergence compared with classical approaches. 

Another major research direction involves the development of new definitions of fractional derivatives, such as the Caputo–

Fabrizio and Atangana–Baleanu derivatives. These derivatives remove singular kernels and improve computational 

stability. 

Fractional models have also been applied in various fields, including control systems, biomedical engineering, and financial 

mathematics. For example, fractional differential equations have been used to model viscoelastic materials where stress 

depends on the entire strain history. 

Machine learning methods have recently been applied to solve fractional differential equations. Physics-informed neural 

networks have shown promising results in approximating solutions to fractional dynamic systems. 

Although substantial progress has been made in the theoretical and computational aspects of fractional differential 

equations, further research is needed to integrate theoretical analysis with practical numerical methods and real-world 

applications. 

3. Fundamental Concepts of Fractional Calculus 

3.1 Fractional Integral 

The fractional integral is a generalization of repeated integration. For a function 𝑓(𝑡), the Riemann–Liouville fractional 

integral of order 𝛼 > 0is defined as 

𝐼𝛼𝑓(𝑡) =
1

Γ(𝛼)
∫ (𝑡 − 𝜏
𝑡

0

)𝛼−1𝑓(𝜏) 𝑑𝜏 
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where Γ(𝛼)denotes the Gamma function. 

 

This operator reduces to ordinary integration when 𝛼is an integer. 

3.2 Riemann–Liouville Fractional Derivative 

One of the earliest definitions of a fractional derivative is the Riemann–Liouville derivative, defined as 

𝐷𝛼𝑓(𝑡) =
1

Γ(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑡𝑛
∫

𝑓(𝜏)

(𝑡−𝜏)𝛼−𝑛+1

𝑡

0

𝑑𝜏 

where 𝑛 − 1 < 𝛼 < 𝑛. 

This derivative is widely used in mathematical theory but has limitations in physical modelling due to difficulties in 

specifying initial conditions. 

3.3 Caputo Fractional Derivative 

The Caputo derivative is often preferred in engineering applications because it allows initial conditions to be expressed in 

terms of integer-order derivatives. 

𝐶𝐷𝛼𝑓(𝑡) =
1

Γ(𝑛 − 𝛼)
∫

𝑓(𝑛)(𝜏)

(𝑡−𝜏)𝛼−𝑛+1

𝑡

0

𝑑𝜏 

The Caputo derivative is commonly used in modelling physical systems where classical initial conditions are required.  

4. Mathematical Analysis and Proofs 

Theorem 1 (Existence of Solution): Consider the fractional differential equation 

𝐶𝐷𝛼𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡)),0 < 𝛼 < 1 

with the initial condition 𝑦(0) = 𝑦0. Assume that the function 𝑓(𝑡, 𝑦)is continuous and satisfies the Lipschitz condition ∣

𝑓(𝑡, 𝑦1) − 𝑓(𝑡, 𝑦2) ∣≤ 𝐿 ∣ 𝑦1 − 𝑦2 ∣ for some constant L >0 

Proof: Using the definition of the Caputo derivative, the fractional differential equation can be transformed into the 

equivalent Volterra integral equation: 

𝑦(𝑡) = 𝑦0 +
1

Γ(𝛼)
∫ (𝑡 − 𝑠
𝑡

0

)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠 

Define an operator 𝑇on the Banach space 𝐶[0, 𝑇]: 

(𝑇𝑦)(𝑡) = 𝑦0 +
1

Γ(𝛼)
∫ (𝑡 − 𝑠
𝑡

0

)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠 

Let 𝑦1, 𝑦2 ∈ 𝐶[0, 𝑇]. 

Then ∣ 𝑇𝑦1(𝑡) − 𝑇𝑦2(𝑡) ∣ ≤
1

Γ(𝛼)
∫ (𝑡 − 𝑠
𝑡

0
)𝛼−1 ∣ 𝑓(𝑠, 𝑦1(𝑠)) − 𝑓(𝑠, 𝑦2(𝑠)) ∣ 𝑑𝑠 

Using the Lipschitz condition: 

≤
𝐿

Γ(𝛼)
∫ (𝑡 − 𝑠
𝑡

0

)𝛼−1 ∣ 𝑦1(𝑠) − 𝑦2(𝑠) ∣ 𝑑𝑠 

Taking the supremum norm, ∥ 𝑇𝑦1 − 𝑇𝑦2 ∥≤
𝐿𝑇𝛼

Γ(𝛼+1)
∥ 𝑦1 − 𝑦2 ∥ 

If  
𝐿𝑇𝛼

Γ(𝛼+1)
< 1 ,then 𝑇is a contraction. 
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By the Banach Fixed Point Theorem, the operator has a unique fixed point. 

 

Therefore the fractional differential equation has a unique solution. 

Theorem 2 (Stability of Fractional Systems) 

Consider the linear fractional differential equation 𝐶𝐷𝛼𝑦(𝑡) = 𝜆𝑦(𝑡) where 0 < 𝛼 < 1. 

Solution: Applying Laplace transform, 𝑠𝛼𝑌(𝑠) − 𝑠𝛼−1𝑦(0) = 𝜆𝑌(𝑠) 

𝑌(𝑠) =
𝑠𝛼−1𝑦(0)

𝑠𝛼 − 𝜆
 

Taking inverse Laplace transform, 𝑦(𝑡) = 𝑦0𝐸𝛼(𝜆𝑡
𝛼) where 𝐸𝛼(. )is the Mittag-Leffler function. 

Stability Condition 

The solution is stable if ∣ arg⁡(𝜆) ∣>
𝛼𝜋

2
 

This generalizes the classical exponential stability condition. Fractional models therefore provide richer dynamic 

behaviour. 

5. Numerical Simulation 

To demonstrate the behaviour of fractional differential equations, consider the model 

𝐶𝐷𝛼𝑦(𝑡) = −𝑘𝑦(𝑡) 

with initial condition 𝑦(0) = 1 

Let 𝑘 = 1 and  𝛼 = 0.5, 0.7, 0.9, 1 

 

The plot shows the solution of the fractional differential equation  𝑦(𝑡) = 𝑒−𝑘𝑡
𝛼
 

for different fractional orders, 𝛼 = 0.5, 0.7, 0.9, 1 

The figure illustrates the numerical solutions of the fractional differential equation for different fractional orders. It can be 

observed that decreasing the fractional order slows down the decay of the solution. This behaviour reflects the memory 

characteristics inherent in fractional dynamical systems. 

Time (t) α = 0.5 α = 0.7 α = 0.9 α = 1 

0 1.000 1.000 1.000 1.000 

1 0.523 0.434 0.380 0.368 

2 0.341 0.250 0.182 0.135 

3 0.247 0.154 0.091 0.049 

4 0.190 0.095 0.046 0.018 
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The results confirm that fractional models exhibit non-exponential decay behaviour, which is consistent with systems 

exhibiting memory or hereditary characteristics. 

6. Applications of Fractional Differential Equations 

Fractional differential equations have gained significant importance in modern scientific research because they provide a 

powerful mathematical framework for modelling systems with memory effects, hereditary properties and non-local 

interactions. Unlike classical integer-order differential equations, fractional models incorporate historical information of 

the system through integral operators, allowing them to capture complex dynamic behaviour more accurately. 

Due to these advantages, fractional differential equations have been successfully applied in many scientific disciplines 

including physics, engineering, biology, finance, and control theory. Some of the most important application areas are 

discussed below. 

6.1 Viscoelastic Materials 

One of the earliest and most important applications of fractional differential equations is in the modelling of viscoelastic 

materials. Viscoelastic substances exhibit both elastic and viscous behaviour when subjected to stress or strain. Examples 

include polymers, biological tissues, asphalt, and certain metals at high temperatures. 

In classical mechanics, the behaviour of elastic materials is described using Hooke’s law, while viscous fluids follow 

Newton’s law of viscosity. However, many materials exhibit behaviour that lies between these two extremes. Traditional 

integer-order models often fail to accurately describe the time-dependent response of such materials. 

Fractional differential equations provide a more realistic description because they incorporate memory effects into the 

stress–strain relationship. The constitutive equation for a fractional viscoelastic model can be written as  𝜎(𝑡)= 𝜀(𝑡) 
𝐶𝐷𝛼,0<α<1 ,(t) where 𝜎(𝑡)represents stress, 𝜀(𝑡)represents strain, and 𝐶𝐷𝛼is the fractional derivative. 

This formulation allows engineers to describe creep behaviour, relaxation phenomena, and long-term deformation more 

accurately than classical models. As a result, fractional viscoelastic models are widely used in materials science and 

structural engineering. 

6.2 Anomalous Diffusion 

Diffusion processes are fundamental in physics, chemistry, and biology. The classical diffusion equation assumes that 

particles spread in a medium according to Brownian motion. However, many natural systems exhibit anomalous diffusion, 

where the rate of spreading deviates from classical behaviour. 

Examples include: 

• Transport of pollutants in porous media 

• Diffusion of proteins inside living cells 

• Charge transport in disordered semiconductors 

• Fluid movement in geological formations 

In such systems, the mean squared displacement of particles does not increase linearly with time. Instead, it follows a power-

law relationship, which cannot be captured by classical diffusion equations. 

Fractional diffusion equations introduce fractional derivatives in time or space to describe this behaviour. A typical time-

fractional diffusion equation is 

𝐶𝐷𝑡
𝛼𝑢(𝑥, 𝑡) = 𝐷

∂2𝑢(𝑥, 𝑡)

∂𝑥2
 

where 0 < 𝛼 < 1. 
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This equation models sub-diffusion processes, where particle movement is slower than predicted by classical theory due to 

trapping or obstacles in the medium. Fractional diffusion equations have therefore become an essential tool in studying 

transport phenomena in complex systems. 

6.3 Control Systems and Engineering Applications 

Fractional calculus has also found extensive applications in control theory and engineering systems. In classical control 

engineering, controllers such as PID (Proportional–Integral–Derivative) controllers are widely used to regulate dynamic 

systems. 

Fractional calculus extends this concept to fractional-order PID controllers (FOPID), which introduce fractional integration 

and differentiation orders. The control law for a fractional PID controller can be written as 

𝑢(𝑡) = 𝐾𝑝𝑒(𝑡) + 𝐾𝑖𝐷
−𝜆𝑒(𝑡) + 𝐾𝑑𝐷

𝜇𝑒(𝑡) 

where 𝐾𝑝, 𝐾𝑖, 𝐾𝑑are controller gains𝜆and 𝜇⁡represent fractional orders. 

 Fractional controllers offer several advantages: 

• Improved system stability 

• Better robustness against disturbances 

• Enhanced flexibility in tuning parameters 

• Higher control accuracy for nonlinear systems 

These controllers have been successfully applied in robotics, aerospace systems, power systems, and industrial process 

control. 

6.4 Biological and Medical Modelling 

Fractional differential equations have recently gained attention in biological and medical modelling because many 

biological systems exhibit memory-dependent dynamics. 

Biological processes often depend on historical interactions and delayed responses. For example: 

• Spread of infectious diseases 

• Population dynamics 

• Neural signal transmission 

• Tumour growth modelling 

In epidemiology, fractional differential equations have been used to model the spread of diseases more realistically. A 

fractional epidemic model can be expressed as 

𝐶𝐷𝛼𝑆(𝑡) = −𝛽𝑆(𝑡)𝐼(𝑡) 
𝐶𝐷𝛼𝐼(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛾𝐼(𝑡) 

where 𝑆(𝑡)and 𝐼(𝑡)represent susceptible and infected populations. 

Fractional models capture the effects of incubation periods, immunity memory, and delayed responses, which are difficult 

to represent using classical models. 

In neuroscience, fractional differential equations are also used to describe neuronal dynamics and signal transmission, where 

past electrical activity influences future behaviour. 
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6.5 Electrical Circuits and Signal Processing 

Fractional calculus plays a significant role in the analysis of electrical circuits containing fractance elements. These 

elements exhibit impedance that follows a fractional power law rather than the standard integer-order behaviour. 

The impedance of a fractional element can be written as 𝑍(𝑠) =
1

𝐶𝑠𝛼
 where 0 < 𝛼 < 1. 

Such components are used to model: 

• Constant phase elements in electrochemistry 

• Supercapacitors and energy storage devices 

• Frequency-dependent dielectric materials 

Fractional differential equations are therefore essential in analyzing the dynamic response of circuits that contain these 

components. They are also widely applied in signal processing, where fractional filters provide improved performance in 

noise reduction and signal analysis. 

6.6 Financial Mathematics 

Fractional calculus has also been introduced into financial modelling to describe complex market dynamics. Financial time 

series often exhibit long-range dependence and memory effects that cannot be explained by classical stochastic models. 

Fractional differential equations are used to model: 

• stock market fluctuations 

• option pricing models 

• volatility dynamics 

Fractional models help capture long-term correlations and persistence in financial markets, leading to improved prediction 

and risk analysis. 

6.7 Other Emerging Applications 

In addition to the areas mentioned above, fractional differential equations are being applied in several emerging fields, 

including: 

• geophysics and seismic wave propagation 

• image processing and pattern recognition 

• climate modelling 

• artificial intelligence and machine learning systems 

The flexibility of fractional calculus allows researchers to develop models that better represent complex real-world 

phenomena. 

7. Conclusion 

Fractional-order ordinary differential equations provide a powerful mathematical framework for modelling complex 

dynamic systems with memory effects. This study reviewed the fundamental theory of fractional calculus, including 

definitions of fractional derivatives, existence and uniqueness theorems, and numerical solution techniques. MATLAB 

simulations demonstrated the influence of fractional order on system dynamics. The study also discussed several 

applications in physics, engineering, and biological systems. The results highlight the advantages of fractional models in 

capturing complex behaviour that cannot be represented using classical differential equations. Future research should focus 

on developing efficient computational techniques and exploring new applications of fractional calculus in emerging 

scientific fields. 
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