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Abstract 

This paper introduces and develops the two-sided Fourier–Kontorovich–Lebedev 

(FKF) transform, a hybrid integral transform that combines the classical Fourier 

kernel with the Macdonald function (modified Bessel function of the second kind) 

of imaginary order. The FKF transform is specifically adapted to signals defined on 

the half-plane of time and a positive scale variable, making it particularly suitable 

for the spectral analysis of supply-chain processes. We establish the fundamental 

definition, the underlying differential structure induced by the Macdonald equation, 

and key operational properties, with a detailed treatment and rigorous proofs of the 

multiplication-by-time and differentiation theorems in the Fourier domain. 

Applications are presented to demand intensity analysis, continuous inventory 

balance equations, the spectral characterization of the bullwhip effect, transportation 

lead-time phase shifts, and the quantitative assessment of disruption signatures. The 

resulting spectral framework provides frequency and scale resolved diagnostics that 

complement contemporary approaches based on digital twins, artificial intelligence, 

blockchain-enabled transparency, and Industry 5.0 human-centric automation. 

Limitations concerning numerical evaluation of the Macdonald function, inversion 

stability, and the transition from continuous to discrete supply-chain models are 

discussed. The work positions the FKF transform as a novel analytical instrument 

for resilience engineering and spectral control of modern logistics systems. 
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1. Introduction 

Modern supply chains operate under continuous temporal forcing and over a continuum of positive state variables inventory levels, 

shipment distances, service intensities, and demand magnitudes. Classical Fourier analysis captures oscillatory and periodic 

phenomena (seasonality, ordering cycles, transportation waves) but is agnostic to the radial or scale structure inherent in many 

logistical quantities. The Kontorovich–Lebedev (KL) transform, built upon the Macdonald function 𝐾𝑖𝜏, is naturally adapted to 

problems on the positive half-line and appears in radial diffusion, wave propagation in wedges, and scale-invariant systems. Their 

FKF transform therefore supplies a joint spectral representation in frequency 𝑠 and scale parameter 𝑞. 

The motivation for such a hybrid transform is reinforced by the rapid digitalization of logistics. Convergent frameworks that 

integrate the Internet of Things, artificial intelligence, and quantum computing have been proposed for smart logistics ecosystems 

[1]. Industry 5.0 further emphasizes human-centric automation and resilient, adaptive supply-chain operations [2]. Digital-twin 

architectures are increasingly employed to build resilient and adaptive global supply chains [5], while artificial-intelligence methods 

support sustainable logistics and green supply-chain management [6]. Blockchain AI integration enhances transparency, 

traceability, and resilience [7]. Parallel advances in smart mobility and intelligent transportation systems [11] and systematic 

reviews of supply-chain resilience under digital transformation [15] underscore the need for analytic tools that can resolve both 

temporal frequencies and operational scales. 

Despite this technological progress, a spectral calculus that simultaneously treats time-periodic and scale-dependent phenomena 

remains underdeveloped. The present work fills that gap by defining the FKF transform, deriving its principal operational rules 

(with complete proofs for the Fourier-domain multiplication theorems), and demonstrating its utility on canonical supply-chain 

models: demand decomposition, inventory balance, bullwhip amplification, pure and cumulative delays, and disruption energy 
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indicators. The resulting framework is intended to complement, rather than replace, the data driven and simulation based methods 

of digital twins and AI-enabled control. 

 

 

2. Literature Review 

Spectral methods have long been applied to inventory and production control, typically through the Fourier transform of demand 

and order streams. The bullwhip effect, in particular, admits a natural frequency domain interpretation: certain bands of the demand 

spectrum are amplified by forecasting, batching, and replenishment policies. However, these analyses treat the state variable as a 

pure time series and do not incorporate an independent positive scale coordinate. 

The Kontorovich–Lebedev transform, introduced in the 1930s and subsequently developed in the theory of special functions and 

integral transforms, employs the Macdonald function of purely imaginary order as its kernel. It has found applications in diffraction 

theory, heat conduction in wedges, and certain classes of fractional differential equations. Its suitability for positive variables makes 

it a natural candidate for inventory magnitude, inter facility distance, or service intensity. 

Hybrid Fourier Bessel or Fourier–Hankel transforms appear in cylindrical and spherical geometries, yet the combination of a two-

sided Fourier transform with the KL kernel has received comparatively little attention, especially in the operations-research and 

supply-chain literature. Concurrently, the logistics research community has focused on enabling technologies: IoT–AI–quantum 

convergence for smart logistics [1], Industry 5.0 human-centric automation [2], digital-twin platforms for resilience [5], AI-driven 

sustainable logistics [6], AI–blockchain integration for traceability [7], quantum computing prospects in transportation and logistics 

[13], and systematic assessments of digital transformation and resilience [15]. Related work on smart mobility [11] and 

battery/electric-vehicle supply chains [3, 9, 12, 14] further illustrates the multi-scale, multi-frequency character of modern logistical 

systems. 

The present paper therefore occupies an interdisciplinary niche: it supplies a mathematically rigorous spectral transform tailored to 

the mixed temporal scale structure of supply-chain signals and situates that transform within the emerging digital and Industry 5.0 

context established by the cited literature. 

 

 

3. Definition of the FKF Transform 

Let 𝑓(𝑡, 𝑥) be a suitably restricted function or generalized function, with 𝑡 ∈  ℝ and 𝑥 >  0. Using the Fourier convention with 

kernel 𝑒^{−𝑖𝑠𝑡}, the two-sided FKF transform is defined by 

𝐹(𝑠, 𝑞) = (𝐹𝐾𝐹 𝑓)(𝑠, 𝑞) = ∫ ∫ 𝑓

∞

0

∞

−∞

(𝑡, 𝑥) 𝑒−𝑖𝑠𝑡  𝐾𝑖𝑞(𝑥) 𝑑𝑥 𝑑𝑡, 

Here 𝑠 is the Fourier/spectral variable, 𝑞 >  0 is the KL spectral variable, and 𝐾𝑖𝑞  is the Macdonald function (modified Bessel 

function of the second kind) of imaginary order 𝑖𝑞. Some references employ the conjugate kernel 𝑒^{+𝑖𝑠𝑡}; changing the Fourier 

sign merely reverses the signs appearing in the differentiation and shift identities, leaving the overall FKF structure intact. 

The underlying spatial-temporal domain is 

𝛺 =  {(𝑡, 𝑥) ∶  −∞ <  𝑡 <  ∞, 0 <  𝑥 <  ∞} 

For a distribution 𝑓 belonging to an appropriate dual space, the transform is interpreted by continuous pairing of 𝑓 with the FKF 

kernel. The transform is defined on an open region 𝛺𝑓 in the (𝑠, 𝑞)-plane on which the defining functional remains meaningful. 

The FKF kernel itself is the product of two independent factors: 

𝛹𝑠,𝑞(𝑡, 𝑥)  =  𝑒−𝑖𝑠𝑡  𝐾𝑖𝑞(𝑥)   (𝑥) 

The first factor is the classical Fourier kernel; it encodes oscillations, frequencies, lead-time cycles, demand periodicity, and 

transportation waves. The second factor is the KL kernel; its modified-Bessel structure is adapted to positive variables such as scale, 

distance, inventory magnitude, or service intensity. 

The Macdonald function satisfies the modified Bessel differential equation 

𝑥² 𝑦′′ +  𝑥 𝑦′ − (𝑥² +  𝜈²) 𝑦 =  0 

For the FKF kernel one has 𝜈 =  𝑖𝑞, hence 𝜈² =  −𝑞², and the equation becomes 

𝑥2𝐾{𝑖𝑞}′′(𝑥)  +  𝑥 𝐾{𝑖𝑞}′(𝑥)  −  (𝑥2 −  𝑞2)𝐾{𝑖𝑞}(𝑥)  =  0 

This differential structure explains the utility of the KL component for systems that exhibit radial, scale-dependent, diffusion-like, 

or exponentially decaying behavior. 
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4. Multiplication by the Fourier-Domain Variable 

Properties and Proofs for the Fourier–Kontorovich–Lebedev (FKF) Transform 

4.1  Statement of the Theorem 

Let 𝐹(𝑠, 𝑞)  =  (𝐹𝐾𝐹 𝑓)(𝑠, 𝑞) be the FKF transform of an admissible function (or tempered distribution) 𝑓. Then multiplication by 

the temporal variable in the original domain corresponds to differentiation with respect to the Fourier variable in the spectral domain: 

𝐹𝐾𝐹(𝑡 𝑓(𝑡, 𝑥))(𝑠, 𝑞)  =  𝑖 
𝜕𝐹(𝑠, 𝑞)

𝜕𝑠
 

More generally, for any non-negative integer 𝑛, 

𝐹𝐾𝐹(𝑡𝑛  𝑓(𝑡, 𝑥))(𝑠, 𝑞)  =  𝑖𝑛
𝜕𝑛𝐹(𝑠, 𝑞)

𝜕𝑠𝑛
 

Summary Table of Multiplication Properties 

Table 1. Correspondence between multiplication by powers of the temporal variable and differentiation of the FKF spectrum. 

Order n Time-Domain Operation Spectral-Domain Counterpart 

0 𝑓(𝑡, 𝑥) 𝐹(𝑠, 𝑞) 

1 𝑡 𝑓(𝑡, 𝑥) 𝑖 
𝜕𝐹

𝜕𝑠
 

2 𝑡2 𝑓(𝑡, 𝑥) 𝑖2
𝜕2𝐹

𝜕𝑠2
 

n 𝑡𝑛  𝑓(𝑡, 𝑥) 𝑖𝑛
𝜕𝑛𝐹

𝜕𝑠𝑛
 

Note: The factor 𝑖 arises from differentiation of the Fourier kernel 𝑒−𝑖𝑠𝑡   with respect to the spectral variable 𝑠. 

4.2  Proof of the Fundamental Identity 

We work under the standing assumption that 𝑓 and the product 𝑡 𝑓 belong to the domain of the FKF transform (or that the integrals 

are understood in the distributional sense). Differentiating the defining integral with respect to the parameter 𝑠 under the integral 

sign is justified by the dominated-convergence theorem (or by the continuity properties of the distributional pairing) once a strip of 

analyticity is fixed. 

The FKF transform is given (formally) by 

𝐹(𝑠, 𝑞)  =  ∬  𝑓(𝑡, 𝑥) 𝑒−𝑖𝑠𝑡   𝐾{𝑖𝑞}(𝑥), 𝑑𝑥, 𝑑𝑡 

Differentiating with respect to 𝑠 yields 

𝜕𝐹

𝜕𝑠
 =  ∬  𝑓(𝑡, 𝑥)  ⋅  (−𝑖 𝑡) 𝑒−𝑖𝑠𝑡   𝐾{𝑖𝑞}(𝑥), 𝑑𝑥, 𝑑𝑡 

The factor −𝑖 𝑡 appears because 

𝜕

𝜕𝑠
(𝑒−𝑖𝑠𝑡  )  =  −𝑖 𝑡 𝑒−𝑖𝑠𝑡   

Consequently, 

𝜕𝐹

𝜕𝑠
 =  −𝑖 ⋅  𝐹𝐾𝐹[𝑡 𝑓](𝑠, 𝑞) 

Multiplying both sides by 𝑖 yields the claimed identity 

𝐹𝐾𝐹[𝑡 𝑓](𝑠, 𝑞)  =  𝑖 
𝜕𝐹

𝜕𝑠
 

4.3  Proof of the Higher-Order Formula by Induction 

The case 𝑛 =  0 is trivial (identity map) and the case 𝑛 =  1 has already been established. Assume the formula holds for some 

integer 𝑘 ≥  1: 

𝐹𝐾𝐹(𝑡𝑘  𝑓)  =  𝑖𝑘
𝜕𝑘𝐹

𝜕𝑠𝑘
 

Apply the first-order identity to the function 𝑔 =  𝑡^𝑘 𝑓: 

𝐹𝐾𝐹[𝑡 ⋅  𝑔]  =  𝑖 
𝜕

𝜕𝑠
(𝐹𝐾𝐹 𝑔) 

The left-hand side is precisely 𝐹𝐾𝐹(𝑡𝑘+1 𝑓). On the right-hand side the induction hypothesis yields 

𝑖 
𝜕

𝜕𝑠
(𝑖𝑘

𝜕𝑘𝐹

𝜕𝑠𝑘
)  =  𝑖𝑘+1

𝜕𝑘+1𝐹

𝜕𝑠𝑘+1
 

Thus, the formula holds for 𝑛 =  𝑘 +  1. By induction it is valid for every non-negative integer 𝑛. 

4.4  Analyticity and Moment Interpretation 

Under suitable decay and growth conditions the transform 𝐹(𝑠, 𝑞) extends to an analytic function of the complex variable 𝑠 inside 

a vertical strip 
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𝛺𝑓  =  {(𝑠, 𝑞) ∶  𝜎₁ <  𝑅𝑒(𝑠)  <  𝜎₂ , 0 <  𝑞 <  ∞} 

Analyticity permits repeated differentiation with respect to 𝑠 and legitimates contour deformation and residue calculus. These 

operations are particularly valuable when one constructs inverse representations or analyses transient supply-chain responses. 

From the operational viewpoint the identities furnish a moment interpretation: the temporal moments of a supply-chain signal are 

recovered from successive derivatives of its FKF spectrum. In particular, the first moment (mean lag or centre-of-mass in time) is 

proportional to 
𝜕𝐹

𝜕𝑠
 evaluated at the origin of the Fourier plane, while higher central moments are obtained from higher-order 

derivatives. This spectral-moment calculus complements classical time domain moment analysis and is well suited to the 

identification of lead-time statistics and demand-response delays. 

4.5  Additional Remarks and Related Properties 

Linearity and Scaling 

Because differentiation is a linear operator, the multiplication property is compatible with the linearity of the FKF transform. If 

𝛼, 𝛽 ∈  ℂ and 𝑓, 𝑔 are admissible, then 

𝐹𝐾𝐹[𝑡 (𝛼 𝑓 +  𝛽 𝑔)]  =  𝛼 𝐹𝐾𝐹[𝑡 𝑓]  +  𝛽 𝐹𝐾𝐹[𝑡 𝑔]  =  𝑖 
𝜕

𝜕𝑠
(𝛼 𝐹 +  𝛽 𝐺) 

Relation to the Differential Property 

The dual property (differentiation in the time domain corresponds to multiplication by −𝑖 𝑠 in the spectral domain) follows by an 

analogous argument under the integral sign, interchanging the roles of the Fourier kernel. Together the two properties form a  

Fourier-transform duality pair that is preserved by the Kontorovich–Lebedev factor 𝐾{𝑖𝑞}(𝑥), which is independent of 𝑠. 

 

 

5. Applications to Supply-Chain Dynamics 

5.1 Spectral Decomposition of Demand 

 
Figure 1. Spectral decomposition of a demand signal into baseline, seasonal, and promotional components, and the 

corresponding energy distribution in the (s, q) FKF plane. 

Let 𝐷(𝑡, 𝑥) denote demand intensity at time 𝑡 for a positive demand-related state 𝑥. Its FKF spectrum is 

𝐷𝐹(𝑠, 𝑞)  =  ∫ ∫  𝐷(𝑡, 𝑥) 𝑒{−𝑖𝑠𝑡} 𝐾{𝑖𝑞}(𝑥) 𝑑𝑥 𝑑𝑡 

Suppose demand consists of a baseline, a seasonal component, and a transient promotional effect: 

𝐷(𝑡, 𝑥) =  𝐷0(𝑡, 𝑥) +  𝐷𝑠 (𝑡, 𝑥) +  𝐷𝑝  (𝑡, 𝑥) 

By linearity of the transform, 

𝐷𝐹(𝑠, 𝑞)  =  𝐷{0𝐹}(𝑠, 𝑞)  + 𝐷{𝑠𝐹}(𝑠, 𝑞)  +  𝐷{𝑝𝐹}(𝑠, 𝑞) 

A periodic component of period 𝑇 possesses fundamental frequency 

𝑠0  =  2𝜋 / 𝑇 

Consequently, the Fourier dimension isolates recurring weekly, monthly, quarterly or annual demand cycles, while the KL 

dimension characterizes their dependence on demand magnitude. Such a joint spectral signature can be fused with AI-based 

demand-forecasting engines [6] and with digital-twin demand modules [5] to improve both explanatory power and predictive 

accuracy. 
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5.2 Continuous Inventory Balance in the FKF Domain 

 
Figure 2. Continuous inventory balance with production inflow P, demand outflow D and spoilage S, together with the 

corresponding algebraic relation obtained after application of the FKF transform. 

Let 𝐼(𝑡, 𝑥) represent an inventory-related state. A simplified continuous model reads 

𝜕𝐼/𝜕𝑡 =  𝑃(𝑡, 𝑥)  −  𝐷(𝑡, 𝑥)  −  𝑆(𝑡, 𝑥) 

where 𝑃 is replenishment/production inflow, 𝐷 is demand outflow, and 𝑆 represents spoilage, loss or other depletion. Application 

of the FKF transform converts the partial differential relation into an algebraic equation in the Fourier variable: 

𝑖𝑠 ·  𝐼𝐹(𝑠, 𝑞)  =  𝑃𝐹(𝑠, 𝑞)  −  𝐷𝐹(𝑠, 𝑞)  − 𝑆𝐹(𝑠, 𝑞) 

Hence 

𝐼𝐹(𝑠, 𝑞) =
[𝑃𝐹(𝑠, 𝑞) −  𝐷𝐹(𝑠, 𝑞) −  𝑆𝐹(𝑠, 𝑞)]

𝑖𝑠
 

The representation identifies frequencies at which inventory oscillations are amplified. Repeated ordering cycles generate spectral 

peaks; poorly synchronised replenishment and demand produce persistent oscillatory modes. These spectral diagnostics can be 

embedded inside digital-twin inventory engines [5] and can inform the human centric decision layers advocated by Industry 5.0 [2]. 

5.3 Frequency-Domain Characterizations of the Bullwhip Effect 

 
Figure 3. Spectral view of the bullwhip effect: demand spectrum at the retail echelon is successively amplified by the transfer 

functions of upstream echelons, with shaded bands indicating frequencies where |𝐻𝑛(𝑠, 𝑞)|  >  1 

The bullwhip effect refers to the amplification of demand variability as one moves upstream through a supply chain. Let 𝐷𝑛 be the 

demand signal at echelon 𝑛 and 𝑂𝑛 its order signal. A linearised ordering policy is represented by a transfer relationship 

𝑂𝑛(𝑠, 𝑞)  =  𝐻𝑛(𝑠, 𝑞)𝐷𝑛(𝑠, 𝑞) 

where 𝐻𝑛 is the echelon’s spectral response. Whenever |𝐻𝑛(𝑠, 𝑞)|  >  1 

over a frequency band, variability is amplified in that band. For a chain of 𝑁 echelons the composite transfer function is the product 

𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞)  =  ∏ 𝐻𝑛

{𝑁−1}

{𝑛=1}

(𝑠, 𝑞)  

and the upstream order spectrum becomes 

𝑂𝑁(𝑠, 𝑞)  =  𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞)𝐷0(𝑠, 𝑞) 

This supplies a precise frequency-domain account of the bullwhip effect: selected demand frequencies are selectively amplified by 

forecasting rules, batching, safety stock policies, minimum-order quantities or replenishment delays. The same spectral picture can 

be used to design mitigating filters or to calibrate AI-based ordering policies [6, 7] that deliberately attenuate the harmful bands. 
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5.4 Transportation Delays and Phase Information 

 
Figure 4. Effect of a pure transportation delay τ: the time-domain shift becomes a linear phase −sτ in the FKF domain while the 

magnitude spectrum remains unchanged; multi-stage delays accumulate into a total phase −𝑠 𝜏𝑡𝑜𝑡𝑎𝑙.. 

Suppose a transportation stage introduces a pure delay 𝜏. If 𝑦(𝑡, 𝑥)  =  𝑓(𝑡 −  𝜏, 𝑥), then 

𝑌(𝑠, 𝑞)  =   𝑒{−𝑖𝑠𝑡} 𝐹(𝑠, 𝑞) 

The magnitude spectrum is unchanged, yet the phase is shifted by −𝑠𝜏. Consequently phase information recovered from the FKF 

spectrum can be used to estimate or compare lead-time effects between successive stages. When several stages possess delays 

𝜏₁, … , 𝜏𝑁, the total delay is 

𝜏𝑡𝑜𝑡𝑎𝑙  =  𝜏₁ +  ⋯ +  𝜏_𝑁 

and the cumulative phase shift equals −𝑠 𝜏𝑡𝑜𝑡𝑎𝑙. Stochastic lead times may be modelled by replacing the deterministic delay with a 

probability distribution or a dynamic transfer function; the corresponding FKF multiplier is then the Fourier Stieltjes transform of 

that distribution. Such phase-aware diagnostics align naturally with the real-time tracking capabilities of IoT-enabled logistics 

platforms [1] and with the transparency objectives of blockchain-integrated supply chains [7]. 

5.5 Disruption Signatures and a Spectral Resilience Indicator 

 
Figure 5. Short impulsive versus long structural disruption signals and their energy distributions in the (s, q) plane. The 

resilience indicator E_R is obtained by integrating spectral energy over a selected region S_R. 

A disruption signal 𝑅(𝑡, 𝑥) may represent the magnitude of a shock associated with supplier failure, transport interruption, cyber 

incident, weather event or capacity loss. The observed supply signal is written 

𝑌(𝑡, 𝑥)  =  𝐺(𝑡, 𝑥)  +  𝑅(𝑡, 𝑥) 

and therefore 

𝑌𝐹(𝑠, 𝑞)  =  𝐺𝐹(𝑠, 𝑞)  + 𝑅𝐹(𝑠, 𝑞) 

A short, impulsive disruption produces broadband energy in the Fourier dimension; a long-lived structural change concentrates 

energy at low frequencies. The KL variable 𝑞 further indicates whether the disruption is localised to small or large operational 

scales. A simple resilience indicator can be defined from the spectral energy contained in a selected region 𝑆𝑅 of the (𝑠, 𝑞) − 𝑝𝑙𝑎𝑛𝑒: 

𝐸𝑅  =  ∬ |𝑅𝐹(𝑠, 𝑞)|² 𝑑𝑠 𝑑𝑞
{𝑆𝑅}

  

Comparison of 𝐸𝑅 before and after mitigation furnishes a quantitative measure of the persistence or severity of disruption signatures. 

The indicator is compatible with the resilience-oriented digital-twin architectures surveyed in [5] and with the systematic research 

agendas on supply-chain resilience under digital transformation [15]. 
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6. Limitations 

Several practical and theoretical limitations must be acknowledged. First, the numerical evaluation of the Macdonald function of 

imaginary order is non-trivial; high-precision libraries or carefully stabilized asymptotic expansions are required, especially for 

large 𝑞 or extreme values of the argument. Second, inversion of the FKF transform whether by successive Fourier and KL inversion 

formulae or by two-dimensional numerical quadrature can be sensitive to noise and truncation of the spectral domain. Regularisation 

techniques and adaptive spectral windows are therefore indispensable. 

Third, the continuous models employed in Sections 5.2–5.5 idealize discrete, event-driven supply-chain processes. Bridging the 

continuous spectral calculus to discrete event simulation or agent-based digital twins remains an open methodological task. Fourth, 

the linear transfer-function description of ordering policies captures only a subset of the non-linear, adaptive and learning behaviors 

that characterise contemporary AI-driven procurement systems [6, 7]. Extension of the FKF framework to mildly non-linear or 

state-dependent operators is a promising direction for future research. 

Finally, the present development has concentrated on the forward transform and its operational calculus. A complete inversion 

theory, Parseval–Plancherel identities, and a characterization of the image of classical supply-chain function spaces under the FKF 

map are left for subsequent work. 

 

 

7. Conclusion 

The FKF transform furnishes a joint spectral representation that simultaneously resolves temporal frequencies and positive scale 

variables. Its definition, differential underpinnings, and fundamental operational properties particularly the rigorously established 

multiplication by time theorems equip the analyst with a powerful calculus for supply-chain signals. Concrete applications to 

demand decomposition, inventory spectral balance, bullwhip amplification, lead-time phase shifts, and disruption-energy indicators 

demonstrate the practical relevance of the framework. 

By situating the FKF transform within the technological landscape of IoT–AI quantum smart logistics, Industry 5.0 , digital twins, 

AI-enabled sustainable logistics, blockchain-enhanced transparency, quantum computing in transportation, and systematic 

resilience research, the paper offers both a mathematical instrument and a conceptual bridge between classical integral transform 

theory and the digital transformation of global supply chains. Future research will address numerical inversion algorithms, non-

linear extensions, and the embedding of FKF spectral modules inside operational digital-twin platforms. 
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