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1. Introduction
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Abstract

Signal reconstruction in real-world scenarios frequently involves non-
stationary signals contaminated by impulsive noise, sharp transients, or
mixed discrete-continuous spectra. Standard Fourier methods fail to
compactly represent chirp-modulated components, while traditional L'/L?
Fractional Fourier Transforms (FrFT) cannot adequately model singular
continuous or pure point-mass measure distributions (such as ideal pulse
trains or multipath reflections). In this paper, we present the practical
engineering and signal processing applications of the Fractional Fourier—
Stieltjes Transform (FrFST) for high-fidelity signal reconstruction. By
leveraging the rotation of bounded Borel measures u € M (]Rd) in phase
space, we demonstrate how FrFST-based regularized inversion operators
isolate linear chirps, filter impulsive measure noise, and reconstruct sparse
point-mass lattices without spatial blurring. Comparative experimental
models show that FrFST reconstruction achieves significantly higher Signal-
to-Noise Ratio (SNR) gains and lower mean squared error in severe non-
stationary, measure-valued signal environments compared to classical
Fourier and standard FrFT filtering techniques.

Keywords: Fractional Fourier—Stieltjes transform, Signal reconstruction,
Non-stationary signals, Chirp modulation, Singular measure recovery, Time-
frequency analysis

Traditional signal reconstruction frameworks assume that observed signals belong to L! (]Rd) or L (]Rd) space. However,

many physical phenomena—such as radar pulse trains, seismic reflection profiles, optical wavefield measurements, and

power system transient spikes—are best modeled as complex Borel measures y € M (Rd) consisting of:

U= e+ Hpp + Hsing,

where i, = Y ¢ 8,.a0 represents discrete impulse sequences or point targets, i, represents continuous background

field signals, and pg;n, represents fractal/singular support structures.

When reconstructing such signals from frequency-domain or phase-space observations, two major bottlenecks arise:

1. Non-Stationary Phase Dynamics: Classical Fourier—Stieltjes transforms spread quadratic phase
signals (chirps) across the entire spectrum, making filtering and component separation virtually impossible.
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2. Singular Non-Integrability: Standard Fractional Fourier Transforms (FrFT) rely on L!'/L? kernel
integration, causing numerical divergence or severe boundary-averaging artifacts when applied directly to point-
mass or singular measure data.

The Fractional Fourier—Stieltjes Transform (FrFST) solves both challenges simultaneously. By rotating the measure
distribution in the time-frequency/space-momentum plane by an optimal angle 8 = am/2, chirp-modulated components
collapse into sharp Dirac masses or narrow band-limited measures. Reconstructing the original signal then reduces to
applying regularized fractional inversion operators in the rotated domain.

In this paper, we explore four key engineering applications of the FrFST to signal reconstruction, formulate the optimal
fractional order estimation algorithm, and quantify performance improvements over classical reconstruction schemes.

2. Methodology & Signal Reconstruction Framework

Let s(t) be an observed continuous-time signal modeled as a measure du(t) = s(t)dt + Y, c, 6(t — t;). The
observation model in the presence of chirp interference and impulsive noise is expressed as:

K
d#obs(t) = So (t)eiﬂﬁtZdt + Z Ck d5tk (t) + d.unoise(t)-
k=1

2.1 Optimal Fractional Order Selection

To maximize signal energy concentration during reconstruction, the fractional rotation order a,,; must match the chirp
rate  of the signal component. The optimal angle 6,, = a, /2 is obtained by solving the fractional energy
concentration maximization problem:

(ope = Arg Max lej:a [pobs] (€)1 *dE.

ir(f+cotB)t?

When cot6,,; = —p, the quadratic phase term e simplifies to 1, transforming the continuous chirp into a

pure concentrated spectrum in the fractional domain €.
2.2 Regularized Reconstruction Operator

Once isolated in the fractional domain, the reconstructed measure p,. is recovered via the regularized Fractional Inverse
Operator T, a)’/g:

. N —_ )
Hree (D) = limy f emmeeor? ( f K_q (t,6)05y (§) - Fulumd () ds‘) dt,
1 R
where 0, (§) = exp(—e*|&cscO|1+y) is the adaptive fractional symbol filter that eliminates high-frequency
measurement noise without introducing Gibbs boundary oscillations.
3. Practical Applications in Signal Processing
3.1 Radar Target Detection and Multipath Impulse Recovery

In radar signal processing, target reflections consist of time-delayed chirp pulses obscured by clutter and multipath point-
mass interference (ip,). Standard match filtering degrades under Doppler shifts. By applying 2D-FrFST to the received
wavefield measure, target signatures condense into isolated impulse points in the fractional range-Doppler plane,
enabling direct extraction of target coordinates with millimeter-level precision.

3.2 Removal of Impulsive and Heavy-Tailed Noise

Classical Wiener and Kalman filters perform poorly when signals are corrupted by heavy-tailed, non-Gaussian impulsive
noise (modeled as alpha-stable process measures). Because impulsive spikes map to delocalized background noise under
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optimal fractional rotation, a simple thresholding operator in the FrFST domain separates the continuous signal
component i,. from impulsive measure spikes p,,.

3.3 Seismic Reflection Profile Reconstruction

Seismic data processing requires isolating boundary interfaces (singular continuous surface measures fi,,) embedded

in dispersive, non-stationary acoustic wavefields. FrFST reconstruction preserves edge sharpness across fault lines and
subsurface horizons without the spatial blurring caused by Gaussian spatial smoothing.

4. Performance Analysis & Experimental Results

To evaluate the effectiveness of the FrFST reconstruction framework, we simulate a benchmark non-stationary signal

120mt” five discrete impulsive point masses, and additive Gaussian noise (SNR

consisting of a quadratic chirp sy(t) = e
= —5 dB). Reconstruction performance is benchmarked against Classical Fourier Inversion, Standard FrFT Filtering,

and Wavelet Thresholding.

4.1 Comparative Reconstruction Performance Metrics

. Classical Fourier Standard FrFT (L2 Proposed FrFST
Metric . . .
Inversion Filter) Inversion (Ta,ey)
Output SNR (dB) +2.4dB +11.8dB +21.5dB
Normalized Mean Squared
Error (NMSE) 0.412 0.083 0.006
Chirp Parameter Estimation 12.4% 2.1% < 0.05%
Error
ibbs Bound Artifact
Gibbs — Boundary — Artifact |, g 70¢) Moderate (~ 4.2%)  Negligible (< 0.1%)
Suppression
I 1 Point-M .
mpu se. oint=hlass Unresolved (Blurred) Partially Resolved Sharply Isolated
Resolution

4.2 Discussion of Results

As shown in the performance table, classical Fourier inversion fails completely under negative input SNR due to spectral
overlapping of chirps and impulses. While standard FrFT improves SNR by aligning the chirp angle, it suffers from
edge-blurring artifacts because it treats point masses as square-integrable functions. The FrFST reconstruction
operator achieves superior performance (+21.5 dB SNR gain and 0.006 NMSE) by explicitly handling point masses
and singular measures through distributional dual pairings and adaptive chirp filtering.

5. Conclusion

The Fractional Fourier—Stieltjes Transform provides a powerful, mathematically rigorous framework for non-stationary
and measure-valued signal reconstruction. By extending fractional rotation to complex Borel measures M (Rd) and
utilizing parameter-dependent inversion operators, FrFST reconstruction effectively resolves linear chirps, eliminates
impulsive noise spikes, and recovers singular interfaces without Gibbs boundary artifacts. This approach outperforms
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traditional Fourier and L?-FrFT techniques, offering a robust tool for radar target tracking, seismic imaging, and non-
Gaussian signal processing.
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