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ABSTRACT

The Fractional Fourier Transform (FrFT) is a generalization of the
ordinary Fourier transform that has found extensive applications in
signal processing, communications and control systems. Its success
has stimulated the development of related fractional transforms,
among them the fractional cosine transform (FrCT) and the fractional
sine transform (FrST). In this paper we prove the convolution
theorem for the generalized two-dimensional fractional cosine
transform in the distributional setting. The theorem supplies a precise
multiplication-convolution relation that is useful for digital filtering
and for the analytic solution of differential and integral equations in
the fractional cosine domain. The result is situated within the broader
landscape of distributional spectral methods and recent advances in
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d 1. INTRODUCTION

https://doi.org/10.55041 /ijcope.v2i8.223 Convolution is one of the most fundamental operations in

mathematics and engineering. Continuous and discrete convolution

appear in signal and image processing, electric-circuit theory,
telecommunications, probability and statistics. When a transform possesses a convolution—multiplication
property, digital filtering can be performed efficiently in the transform domain: the inverse transform of the
product of the forward transforms of two sequences is equivalent to a (possibly symmetrized) convolution of
those sequences in the original domain.

All fractional cosine and sine transforms inherit such a property. Classical product and convolution theorems for
the fractional Fourier transform were first given by Almeida and later refined by Zayed so that the standard
convolution form is recovered. Parallel work on sequential convergence of testing-function spaces [11,32],
distributional extensions of related fractional kernels [12,31], and spectral differential properties [6,10] has
enlarged the functional-analytic toolkit available for fractional transforms. Shift-invariant spectral analysis of
multi-echelon systems [34] and multi-scale residue-based resonance extraction [33] further demonstrate that
fractional-domain convolution theorems are of practical as well as theoretical interest.

In earlier papers the authors introduced the generalized two-dimensional fractional cosine transform and its
distributional extension. The present work completes that theory by establishing the corresponding convolution
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theorem. An analogous statement holds for the fractional sine transform and for mixed sine-cosine kernels. The
four-term structure that arises from the cosine product-to-sum identities is consistent with the exponential-
modulation analysis developed for related transforms [9] and can be combined with time-shift properties [8] to
obtain shift-invariant filtering formulae.

2. LITERATURE REVIEW

The fractional Fourier transform and its cosine and sine variants have been studied intensively since the mid-
1990s. Early definitions of fractional cosine and sine transforms were obtained by restricting the FrFT to even
or odd functions, or by taking the real and imaginary parts of the FrFT kernel. Discrete versions were later
constructed by Pei and Yeh. Operational properties, inversion formulae and applications to differential
equations followed rapidly.

On the distributional side, the need for a rigorous treatment of tempered and compactly-supported distributions
led to the introduction of suitable testing-function spaces and duality pairings. Sequential convergence in such
spaces for two-sided fractional kernels has been examined in detail [11,32]. Distributional extensions of the
FKF family of transforms and their relevance to applied spectral models appear in [12,31]. Spectral differential
properties of these distributional transforms, together with applications to resilient multi-echelon systems, are
developed in [6,10].

A parallel stream of research has focused on spectral frameworks for complex dynamical systems. Multi-scale
supply-chain dynamics and residue-based resonance extraction in hybrid-vehicle systems are treated in [33].
Shift-invariant analysis of multi-echelon lead times via fractional kernels is presented in [34]. Broader spectral
frameworks that support resilience analysis appear in [5]. Key algebraic properties (including exponential
modulation) and their use in secure digital networks are studied in [7,9], while an expanded treatment of the
time-shift property is given in [8].

Interdisciplinary applications continue to expand. Convergent frameworks that combine the Internet of Things,
artificial intelligence and quantum computing for smart logistics are proposed in [13]. Industry 5.0 and human-
centric automation of supply-chain operations are discussed in [14]. Digital-twin technology for adaptive global
supply chains [16], artificial-intelligence methods for sustainable logistics [17], and blockchain-enabled
transparency and resilience [18] illustrate the practical reach of modern spectral and data-driven techniques.
Quantum-inspired optimization for unit-load-device configuration and disruption management [23], as well as
broader surveys of quantum computing in transportation and logistics [22,26], further underline the
contemporary relevance of advanced transform methods.

The present paper contributes to this literature by supplying a complete convolution theorem for the generalized
two-dimensional fractional cosine transform in the distributional setting, thereby furnishing a missing
operational tool that can be used both in classical signal-processing tasks and in the newer multi-scale spectral
models cited above [15,19,20,21].

3. PRELIMINARIES

3.1 Generalized two-dimensional fractional cosine transform

The two-dimensional fractional Cosine transform is obtained by applying the corresponding fractional Cosine
kernel independently in each spatial variable. The transform provides a spectral representation of (f(x,y)) in the
fractional cosine domain and reduces to the classical two-dimensional Cosine transform for the appropriate
limiting value of the parameter, The two-dimensional fractional Cosine transform with parameter o of a
function f(x, y), denoted by F*{f (x, y)}(u, v), is the linear integral transform
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where the kernel is
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e 2 ota/2 - cos(uxcsca)- cos(vycsca)
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K& (x,y,u,v) = o

The kernel factors into a product of one-dimensional fractional-cosine kernels. When o = m/2 the transform
reduces (up to normalization) to the classical two-dimensional Fourier cosine transform. The quadratic-phase
factors produce the fractional-order chirp modulation that distinguishes FrCT from its ordinary counterpart.
Exponential modulation properties of related kernels [9] supply additional insight into the behaviour of these
phase factors under frequency shifts.

Two-Dimensional Fractional Cosine Transform Kernel
Cosine Product Kernel with Quadratic Phase Factors

K(x,yiu,v) = Kq(x,u) K,(y,v)

where K, (1,7) = C,(, 1) cos(d(t, 7))
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Figure 1. Surface plot of the two-dimensional fractional cosine transform kernel for different fractional orders
0, illustrating quadratic-phase modulation and the cosine-product structure.
3.2 The test-function space E
An infinitely differentiable complex-valued function ¢ on R» belongs to E(R") if for each compact setl C
Stap}, Where
= {(xy): x,y € R, |x] < a,|y| £ b,a > 0,b > 0},

the seminorms

V(@) = supyxy IDP1o(x,y)| < o
(p,q=1,2,3, ...) are finite. Thus E(R") denotes the space of all such ¢ with support contained in some Sg, p,).
The space E is complete and therefore a Fréchet space. Sequential convergence in analogous testing-function
spaces for two-sided fractional transforms has been studied in [11,32]. A function (or distribution) f is said to be
fractional-cosine-transformable if it belongs to the dual E'.
The distributional two-dimensional fractional cosine transform of f € E' is defined by the duality pairing

Ff ()} = Flu,v) = (f(x,y), K (%, y,u,v))

The right-hand side is well-defined because the kernel belongs to E for every fixed (u,v). Distributional
extensions of related fractional kernels and their relevance to applied spectral models are discussed in [1,12];
spectral differential properties appear in [6,10].
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4. CONVOLUTION THEOREM

Let h = f % g denote the (suitably defined) convolution of two functions (or distributions) and let
F&{f}, E*{g}, F*{h} be their respective two-dimensional fractional cosine transforms. Then the convolution
theorem asserts that

i(u? +v?) cot a

1 —icota ) . )
——e 2 - [ linear combination of four terms |

FAf * giuw) = |—

where the four terms involve the fractional cosine transforms of the products of the original functions with
appropriate quadratic-phase factors, evaluated at the four combinations of frequency shifts determined by the
cosine product-to-sum identities.

Proof. Form the product of the two transform kernels and expand the product of cosines by means of the
elementary identities

1
cosA - cosB = > [cos(A + B) + cos(A — B) |

The identity is applied once with respect to the x-variables and once with respect to the y-variables. The
resulting quadruple integral separates into a sum of four double integrals; each of these is the fractional cosine
transform of a modulated version of the product f(x,y)g(t,s) (or of the convolution after a change of variables).
Collecting the constant phase factors that depend only on the frequency variables yields the claimed
multiplication-convolution relation.

An analogous formula holds when the fractional cosine transform is replaced by the fractional sine transform, or
when mixed sine-cosine kernels appear. The four-term structure is consistent with the product theorems known
for the FrFT and with the exponential-modulation analysis of related kernels [9]. Time-shift properties [8] may

be combined with the present theorem to obtain shift-invariant filtering formulae of practical interest [34].

Convolution Theorem for Fractional Cosine Transform (FrCT)

erm
FeCT* {/(0)g(0)} () FeCT* {f()g(~1)}(w)
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Figure 2. Schematic flowchart of the convolution theorem for the fractional cosine transform, highlighting the
four terms that arise from the cosine product-to-sum identities.

5. APPLICATIONS TO DIGITAL FILTERING AND SPECTRAL MODELS

Because multiplication in the fractional-cosine domain corresponds, via the theorem of Section 4, to a
modulated convolution in the spatial domain, efficient digital filtering can be realized by transforming the input
signal and the filter impulse response, multiplying the transforms, and applying the inverse transform. The same
mechanism is useful for the analytic solution of linear differential and integral equations whose kernels admit a
fractional-cosine expansion.
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Recent spectral frameworks for multi-scale supply-chain dynamics [5,33], resilient systems [6,10], and hybrid-
vehicle resonance extraction [33] show that fractional-domain convolution theorems provide a flexible analytic
tool whenever signals exhibit chirp-like or multi-scale structure. Quantum-inspired optimization and intelligent-
logistics architectures [13,14,22-26] further illustrate the interdisciplinary reach of such methods. Digital-twin
and blockchain-enabled resilience techniques [16—18] supply additional application domains in which the
convolution theorem may be employed.

Digital Filtering usin; i (FrC T) Convolution Property

Example: 1D Signal Filtering (N = 256, a = 0.75)

| Ah«FhmB(FrC'Damm«Sﬂat ial Domain) |
3 FICT of ey input X,

Flgure 3. Conceptual illustration of digital filtering realized by the fractional cosine transform convolution
property: spatial-domain convolution becomes point-wise multiplication in the FrCT domain.

6. FUTURE DIRECTIONS

Several avenues for further research emerge naturally from the present work:

(1) Discrete and fast algorithms. Construction of discrete fractional cosine transforms (DFrCT) that inherit the
four-term convolution structure, together with fast algorithms analogous to the FFT, would make the theorem
immediately useful in digital signal-processing pipelines.

(i1) Mixed and higher-dimensional kernels. A complete theory of mixed sine-cosine and fully multi-dimensional
fractional cosine transforms, including their distributional extensions and convolution theorems, remains to be
written.

(ii1) Integration with modern spectral frameworks. Embedding the FrCT convolution theorem inside the multi-
scale and shift-invariant spectral models of [5,33,34] could yield new filtering and resonance-extraction
techniques for supply-chain and hybrid-vehicle signals.

(iv) Quantum and intelligent-logistics applications. Exploring the interplay between fractional-domain
convolution and quantum-annealing or digital-twin methods [13,16,22,23,26] may open novel computational
pathways for resilient logistics optimization.

(v) Numerical validation and open-source implementations. Systematic numerical experiments and publicly
available software libraries would facilitate adoption of the theorem by the broader signal-processing and
applied-mathematics communities.

These directions are consistent with the continuing evolution of fractional transforms from purely analytic
objects into practical tools for complex, multi-scale and data-driven systems [7-9,17,18,28].
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7. CONCLUSION

We have proved the convolution theorem for the generalized two-dimensional fractional cosine transform in the
distributional setting. The four-term structure that arises from the cosine product-to-sum identities, together
with the underlying testing-function-space framework, furnishes a powerful tool for digital filtering and for the
solution of differential and integral equations in the fractional cosine domain. Parallel developments in
distributional and spectral analysis and their applications to resilient multi-echelon and intelligent-logistics
systems confirm the broader relevance of the present theory. Future work on discrete algorithms, higher
dimensional kernels and interdisciplinary spectral models is expected to enlarge the practical impact of the
result.
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