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1. Introduction

Index transforms are especially well suited to boundary-value problems in cylindrical, conical or wedge-shaped domains,
and they appear naturally whenever a continuous spectrum of orders is required by the geometry or by radiation
conditions at infinity. In the present work we adopt the Lebedev form of the operator K [f] = fooo Kiz () f (x)dx,
where K, v(z) denotes the Macdonald function [12, 13, 14, 17, 18]. The associated adjoint operator (integration with
respect to the index) is (KL f)(x) = fooo Ki:(x) f(r)dr, x > 0[7,10, 11]. A fundamental integral representation of

the kernel is the Fourier cosine transform
[ee]

Ki;(x) = f e XCoshu cos(ru)du, x > 0
0
Consequently, the kernel is real-valued and even in the index t. The representation is the starting point for almost all

subsequent analysis: it permits analytic continuation of the order into a complex strip, it yields uniform estimates by
elementary contour shifting, and it furnishes the bridge to the classical Poisson summation formula that will produce the
discrete identities.

The analytic theory of the transform [3, 4, 5, 6] rests on three pillars that form the core of the present paper. First, the
uniform estimates obtained by shifting the contour by an imaginary amount i§ (0 < § < m/2)], guarantee that the
kernel remains dominated by the elementary majorant K,(x cos ). These bounds determine the natural weighted
Lebesgue spaces on which the transform is well defined and continuous. Second, the Watson-type asymptotic lemma
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describes the behaviors of the transform of an entire function of exponential type when the complex order tends to
infinity inside a vertical strip; the leading term involves the explicit trigonometric perfector /(2 cos(m z/2)) multiplied
by the value of the density at an imaginary argument. Third, the Poisson-type summation formula that follows from the
Fourier representation converts a continuous KL integral into an explicit discrete series whose terms are Laplace
transforms evaluated at hyperbolic points. Together these three results supply a complete set of analytic tools uniform
bounds, asymptotic expansions and exact summation identities for both pure and applied investigations.

Beyond the classical theory, the same analytic structures reappear, mutatis mutandis, in the performance modelling of
large scale computing infrastructures. Modern training of LLMs is performed on clusters containing thousands of GPUs
whose collective power draw, thermal load and interconnect traffic must be predicted and controlled. In such models
one frequently encounters continuous integrals that represent smoothed resource densities together with discrete sums
over individual accelerators, racks or data-centre modules. The passage from the continuous description to the discrete
description is formally identical to the passage effected by the Poisson type identity. Likewise, the uniform majorants
of Section 2 furnish a priori capacity envelopes that are analogous to the hard constraints imposed by power delivery
and cooling systems. Finally, the multi-tier global supply chains [2, 4, 5, 6, 9, 10, 11] that manufacture the GPUs, high
bandwidth memory and networking ASICs themselves admit risk and capacity aggregation models whose mathematical
skeleton is again a Poisson-type discrete sum over tiers. The present paper therefore develops, in parallel with the pure
analytic reconstruction, a systematic dictionary between the classical KL apparatus and these contemporary scaling
problems.

The remainder of the paper is organized as follows. Section 2 derives the fundamental uniform estimates for the
Macdonald kernel [3, 4, 5, 6] and identifies the natural function spaces on which the transform acts. Section 3 establishes
the Watson-type asymptotic expansion for entire functions of exponential type and proves the Poisson-type summation
formula that converts continuous integrals into discrete series. Next develops the applications to GPU-cluster resource
allocation, data centre thermal and power scaling, multi-tier infrastructure supply chains, and the interpretation of
empirical LLM scaling laws as asymptotic phenomena; seven figures illustrate the principal mathematical objects and
their engineering counterparts. Section 5 summarizes the results and indicates directions for further interdisciplinary
work.

1.1 Modern Computing Infrastructures

The asymptotic analysis of index transforms and the Poisson-type summation formulas derived below rest on the same
analytic principles Watson’s lemma for Laplace-type integrals, Fourier representations of special functions, and
controlled growth of entire functions of exponential type that appear when one studies scaling limits of large distributed
systems. In the modelling of GPU clusters that train large language models, one routinely encounters sums over discrete
hardware units (nodes, accelerators, memory banks) and continuous integrals that describe power, thermal or
communication loads. The same technique that converts a continuous KL integral into a discrete Poisson-type series can
be used to convert continuous resource-allocation integrals into discrete sums over GPU ranks or data-centre racks.
Large language models (LLMs) exhibit empirical scaling laws in which loss decreases as a power of model size, dataset
size and compute budget. These power-law regimes are formally analogous to the asymptotic expansions furnished by
Watson’s lemma. In a data-centre setting the large parameter may be the number of GPUs, the aggregate interconnect
bandwidth, or the thermal capacity of a cooling loop. Uniform estimates on the Macdonald kernel then supply a priori
bounds that are analogous to the capacity and latency constraints required for the reliable design of infrastructure supply
chains.

Contemporary research on infrastructure supply chains emphasizes resilience, digital twins and the integration of
artificial intelligence for transparency and adaptive control [11,12,13,16,22]. The Poisson summation identity derived
in Section 3 converts a continuous resource density into a discrete sum whose terms may be interpreted as contributions
from individual supply-chain nodes (foundries, packaging plants, logistics hubs). Figure 1 summarizes this continuous-
to-discrete conceptual mapping.
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Figure 1. Conceptual mapping from a continuous KL resource integral to discrete infrastructure quantities (GPU ranks,
data-centre nodes, supply-chain tiers).

2. Uniform Estimates for the Kernel
Starting from the Fourier representation and shifting the contour of integration by an imaginary amount i with 0 <3 <

7/2, one obtains
i+ o0

Ki;(x) = 1/2[ e (xcoshf+itf) qp
i§— o0
Ki;(x) = 1/2f e (=x cosh(t +i8)} cos(t (t +i8)) g
0

Taking absolute values immediately yields the uniform estimate
|Kiz(x)| < e ¢l Ky(xcos &), x > 0, 0
|Kiz(x)|] < Ko(xcosd), x >0, 0
In particular, the elementary bound |Kij;(x)| < Kp(x), x > 0, T € R
holds. The Macdonald function itself satisfies the differential equation x* u” + xu’ — (x* + v)u = 0
holds. Figure 2 displays the numerical verification of this bound for representative imaginary orders T =5 and 1 = 12

<
<6< m/2

and possesses the well-known asymptotic behaviors

s
K,(x) ~ o) e (1 4+ 0(x™), x » 4
K,(x) = 0(x7IReVl), x - 0%, v # 0, Ko(x) = —logx + 0(1), x > 0*
When the index tends to infinity while the argument remains fixed one has
e—n’|‘r|/2
Ki;(x) = O<ﬁ>, |t] = o, x > 0 fixed
T

Returning to definition, we obtain the estimate |Ki;[f]| < |, 000 Ko(x) |f(x)| dx

which shows that the natural domain of definition of the KL transform contains every weighted Lebesgue space
L*(R,; Ko(x)dx) and, more generally, the scale of spaces LP(R,; Ku(€x)dx) for |u| > 0and0 < § < 1.

Uniform Estimates of the Macdonald Kemnel Ky, (x)
(hound X . (x)| = Ksix) from eqgs. (5)-(6))

Mognitude (Ing scale)

Argumment x > 0

Figure 2. Uniform estimates of the Macdonald kernel. The solid curve is the majorant Ko(x), dashed and dash-dotted
curves are |Ki;(x)| for t =5 and t = 12, confirming the bound.
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These uniform bounds are of direct interest for infrastructure modelling: they guarantee that a continuous resource
integral remains finite under a controlled growth condition on the density f, thereby providing an analytic counterpart to
the capacity envelopes that must be respected by any GPU-cluster scheduler or data-centre cooling system.

2.1 Uniform bounds as capacity envelopes for GPU clusters and data centers

The estimate is of direct operational interest for the design and scheduling of large GPU clusters that train large language
models. Let the continuous variable x represent a normalized power density, thermal load or communication intensity,
and let f(x) be the corresponding density function across the cluster. Then the left-hand side bounds the absolute value
of every spectral component of the resource demand. Because the majorant is independent of the spectral parameter t,
the same integral controls the entire continuous spectrum at once. In practical terms this means that a single, easily
computed quantity the weighted L'-norm of f with weight K|, already guarantees that no spectral mode can exceed a
predetermined capacity threshold. Such a uniform majorant is precisely the analytic counterpart of the “headroom”
factors that data-centre operators maintain between nominal load and the hard limits of power delivery units and cooling
loops.

When the number of GPUs becomes large, the continuous density f'is itself the continuum limit of a discrete assignment
of loads to individual accelerators. The uniform bound then supplies an a-priori guarantee that the continuum model
remains consistent with the discrete hardware constraints, even before any particular Poisson-type discretization is
applied. In the language of data-centre thermal modelling, the exponential decay of K, (x) for large x corresponds to the
rapid spatial attenuation of temperature or voltage perturbations away from a heat source; the weighted integral therefore
automatically incorporates a realistic spatial decay and prevents the model from predicting unphysical long range
overload.

2.2 Links to infrastructure supply-chain capacity and resilience

The same majorant principle extends to the multi-tier infrastructure supply chains that manufacture the GPUs, high-
bandwidth memory and networking ASICs required for LLM training. In a supply-chain [16, 18, 31, 33, 39] risk or
capacity model the continuous variable may represent a normalized demand intensity, while the discrete tiers (foundries,
packaging plants, logistics hubs) appear after a Poisson-type summation. The uniform estimate guarantees that the
continuous demand density remains integrable against the Macdonald weight, thereby furnishing an upper envelope on
total exposure before any tier-by-tier aggregation is performed.

Contemporary literature on supply-chain resilience emphasizes the necessity of such a priori capacity bounds. Gulhane
reviews the principal mechanisms of resilience under digital transformation and stresses the role of transparent,
quantifiable capacity envelopes [16,22]. Digital-twin frameworks [11] likewise rely on continuous surrogate models
whose outputs must remain inside hard physical constraints; the weighted L'-norm appearing on the right-hand side
supplies one such constraint in closed form. Artificial-intelligence methods that enhance transparency and traceability
[12,13] can incorporate the same majorant as a real-time monitoring threshold: any measured demand density whose
Ky-weighted integral approaches the design limit triggers an alert, exactly as a data centre cooling system alarms when
its thermal headroom is exhausted.

Energy efficiency of the electromechanical plant that supports both data centers and the upstream manufacturing
facilities is another critical concern. Matani demonstrates that systematic control of mechanical losses in electric motors
yields measurable efficiency gains [6]; the same motors drive chillers, cooling towers and clean-room air-handling units.
The exponential decay built into the Macdonald weight K, (x) mirrors the rapid attenuation of mechanical losses away
from the motor shaft, reinforcing the analogy between the analytic majorant and the physical capacity envelope.

2.3 The function space setting

The uniform estimates and the consequent transform bound accomplish three tasks simultaneously: they identify the
natural Banach spaces on which the KL transform is continuous; they furnish spectral uniform capacity envelopes that
are independent of the imaginary order t; and they provide a mathematically precise language in which the hard
constraints of GPU-cluster schedulers, data centre cooling systems and multi-tier semiconductor supply chains [12, 13,
30, 31] can be expressed. The same estimates will reappear as the justification for interchanging sums and integrals in
the Poisson-type formula and as the a-priori control that guarantees the remainder terms in the Watson asymptotic remain
of lower order.
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3. Asymptotic and Summation Formulas
We now consider the analytic continuation of the transform to a complex index z € C:

F(z) = f K, () fx) dx

Suppose that f admits the power-series representation f(x) = Y= o(an / n!) x"

and is an entire function of exponential type 6, i.e. limsup,_e |an|'/™ = o

The following Watson-type lemma then describes the asymptotic behaviors of F(z) for large |z| inside a vertical strip.
Lemma 3.1 (Watson-type asymptotic expansion)

Let f be an entire function of exponential type with ¢ < 1. Then, in the strip |Re z| < 1, the Lebedev integral admits the

asymptotic expansion
T

2cos(mz/2)
Proof. Write the Macdonald function via its Fourier integral continued to complex order. After an interchange justified
by the exponential-type condition ¢ < 1 one obtains

F(z) = j:of(x) (J:oe"‘ coshu cosh(z u) du) dx

The inner integral is elementary. Changing the order of integration (justified by Fubini’s theorem and the growth
restriction) produces a Laplace-type integral to which the classical Watson lemma applies. The leading term arises from
the singularity of the integrand nearest the origin in the complex plane of the integration variable and yields precisely
the factor /(2 cos(m z / 2)) multiplied by f(i z). Higher-order terms follow by repeated integration by parts and give
an asymptotic series in powers of z 2. The restriction ¢ < 1 guarantees that the remainder is of smaller order than any
fixed power of |z| ™' inside the strip. This completes the proof.

Watson-type Lead Pactor |Lemma 3.1)
Asymptotic smplituds for largs |7

F(z) ~ fliz) as|z| > o

Mugn

2 d 25
o 2 {inside srip (Re 2 < 1)

Figure 3. Magnitude of the Watson leading factor /(2 cos(mw z | 2)) |n/(2 cos(w z/2))| inside strip |Re z| < 1

3.2. A key identity and the Poisson-type summation formula

The classical Poisson summation formula for the cosine Fourier transform, when combined with the integral
representation, produces the closed-form identity

Ko(x) + 2 X571 K(ing) (%) = a(e™/% + T3 e(7x coshna)

valid for x > 0 and o f =27, > 0. This is the key identity that allows one to prove an analogue of the Poisson summation
formula for the KL transform.

Theorem 3.3 (Poisson-type formula): Let f € L™ where |u| > 1/2, 0 < & < 1. Then the Poisson type formula is
true

©o 1 0 (o0}
Kolf1+2 ) Knp[f] = | | Kic[Fldr+ )" (LF) (coshna) |
n=1 n=1

af =2m, a >0,
where (Lf)(x) is the Laplace integral

[oe]

LHC) = f e £(¢) dt.

0
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Let us exhibit some interesting particular. Indeed, letting f(x) =1, B = 2m/a we calculate the corresponding
Kontorovich-Lebedev integral by the relation [3, 4, 5, 6, 7, 10, 11, 14] and we derive the identity

z ( T a ) _a-m -0
] cosh(nm?/a) coshna/ 2 ' =5
=

[oe]

If f(x) = x¥~1, ¥ > 0 then we appeal to the relation obtain the formula
I B N
2 coshrna|” * 7

Tin
SEENIE)
n=1

The value y = 1 leads again, Let f (x) = e_xxy 1 ¥ > 0. Then by using relation the identity becomes (a > 0)

2E r2(y)+2 z |I‘(V +2n—n)| =al'() lz_y_l * im].
n=1

2v-1 =al(y)

F(y +1/2)

Letting y = 1 we invoke the reduction and supplement formulas for gamma-functions and we get the identity
1 < 1
+ ) ———|.
n=1

1 m—4
Z (smh(nn)cosh(nn) 1+ cosh(nn)) B

14+ 2n Z n _
a L sinh(n2n/a)cosh(n?n/a) ¢

In particular, when ¢ = m we have

= 4m
2B Z n? Kinp (x) + ax Z e~¥coshna (ycosh?na — coshna — x) = -
n=1 n=1

Multiply identity by f(x) and integrate term by term with respect to x over (0, «). The growth condition on f and the
uniform estimate justify the interchange of sum and integral by the dominated convergence theorem. The left-hand side
becomes the series of KL transforms. The continuous term produces the integral of K;;[f] while each exponential term
e(-xcosh(n@)  produces a Laplace transform evaluated at cosh(na). The constant factor a arises from the periodisation
constant in the classical Poisson formula. Figure 4 visualizes the discrete terms that appear on the right-hand side when
the continuous density is discretized over GPU ranks or racks.

H ESTRIR A I' Summation (Thm 3.2)
Continuous resource dens - |!|'.-' PUfrack contributsans

plitude

Contni

) 1 5 J 7 a o L) 1
Discrole mdox 1 (GPU rank ) rack index)

e (—x cosh(na)

Figure 4. Poisson-type discrete contributions interpreted as GPU-rank / rack loads, together with the

continuous residual and the partial-sum approximation to total cluster demand.

An analogous identity holds for the convolution associated with the KL transform. Under the hypotheses of Theorem
3.3 the factorization property K, [f * g] = K,[f]K,[g] holds in the closed strip |[Re z| < |u|.

4. Scaling Analysis for GPU Clusters, Data Centre and Infrastructure Supply Chains
The analytic apparatus maps onto three recurring problems in the design and operation of large-scale computing
infrastructures that support LLM training.
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4.1 GPU Clusters and Continuous-to-Discrete Resource Allocation

In a GPU cluster the continuous variable x may represent a normalized power density, thermal load or communication
intensity, while the discrete index n labels individual accelerators or ranks. The Poisson-type identity converts a
continuous integral of the Macdonald kernel against a resource density f into an explicit sum over discrete ranks plus a
residual continuous term. The Laplace transforms (L f)((cosh n «)) that appear on the right-hand side admit a direct
interpretation as the contribution of the n-th GPU (or of the n-th rack) under an exponentially weighted load profile.
Because the series converges rapidly for a of moderate size, the formula supplies a practical approximation scheme for
cluster level performance models.

The uniform bound further guarantees that the continuous model remains controlled even when the index t becomes
large corresponding, for example, to a high frequency oscillation in the interconnect traffic pattern. Such a priori
estimates are indispensable for capacity planning.

4.2 Data-Centre Thermal and Power Scaling

Data-centre thermal models frequently reduce to Laplace-type integrals whose asymptotic behaviors for large cooling
capacity (or large number of cooling units) is governed by Watson’s lemma. Lemma 3.1 supplies precisely such an
asymptotic expansion once the underlying density is recognized as an entire function of exponential type. Figure 5
illustrates a stylized power-draw curve versus GPU count: the ideal linear regime is perturbed by interconnect and
cooling overheads that grow mildly with N, analogous to the higher-order terms generated by repeated integration by
parts in Watson’s lemma.

Data-Comtre Power Scaling with GPU Count
(vecheac ulogous 1o hugherarder asymplotic terms)

Lile M
Namber of GPUs N

Figure 5. Stylized data-centre power scaling with GPU count. The gap between ideal linear and realistic curves
represents interconnect + cooling overhead, formally analogous to higher-order asymptotic corrections.

When the data centre is viewed as a continuous medium, the KL transform offers a natural spectral representation for
radial or conical geometries that arise in the layout of cooling ducts or power distribution buses. The uniform estimates
then translate into pointwise bounds on temperature or voltage drop that remain valid uniformly with respect to the
spectral parameter.

4.3 Infrastructure Supply Chains for LLM Hardware

The manufacture and global distribution of the GPUs, high-bandwidth memory and networking ASICs required for LLM
training constitute a complex multi-tier infrastructure supply chain [4, 5, 6, 9, 10]. Resilience of such chains [13, 30, 31]
has been examined extensively in the recent literature. Gulhane reviews the principal mechanisms of supply-chain
resilience under digital transformation and proposes research agendas that emphasize transparency, traceability and
adaptive control [16,22]. Digital-twin technology is identified as a key enabler for building resilient and adaptive global
supply networks [31, 33, 39]. Artificial-intelligence methods further enhance transparency and resilience by integrating
blockchain ledgers with predictive analytics [20, 21].

From the analytic standpoint the Poisson-type formula supplies a prototype for the aggregation of capacity or risk across
discrete supply-chain nodes. Each term (L f)((coshn a)) may be read as the contribution of the n-th tier (foundry,
packaging facility, logistics hub) under an exponentially discounted demand profile. Figure 6 shows a typical multi-tier
aggregation: contributions decay with tier index while the cumulative exposure saturates, exactly as predicted by the
convergent series on the right-hand side. Uniform bounds of the form then yield a priori majorants on total risk exposure.
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Figure 6. Multi-tier infrastructure supply-chain aggregation. Bar heights are normalized tier contributions, the solid
line is cumulative capacity/risk exposure.

Energy efficiency of the underlying electromechanical plant is another critical concern. Matani demonstrates that
systematic control of mechanical losses in electric motors yields measurable efficiency gains [6]; the same principal
scales to the large electric motors that drive cooling towers and chillers in hyperscale data centers. Quantum-computing
techniques are beginning to appear in logistics optimization [20], offering a possible future computational substrate for
the very Poisson-type summations derived here. The broader literature on intelligent logistics and Industry 5.0 [17, 20,
26, 27], emphasizes human centric automation and convergent frameworks that combine 10T, artificial intelligence and
quantum resources [17, 20].

4.4 LLM Training Scaling Laws as Asymptotic Phenomena

Empirical scaling laws for large language models relate final training loss to model size N, dataset size D and compute
budget C through power law relations of the form L ~ a N9 + b DB 4+ ¢ ¢V} | Such relations are asymptotic
statements about the behavior of an optimization trajectory when one or moreof the discrete parameters tend to infinity.
Watson’s lemma supplies a classical analytic mechanism that produces precisely this type of power-law (or more
generally asymptotic-series) behavior from a Laplace-type integral. Figure 4 displays a stylized log—log loss-versus-N
curve of the form used in the LLM literature; the continuous surrogate of the discrete training dynamics can be analyzed
by Lemma 3.1, and the leading-order terms become rigorous asymptotic approximations to the empirical scaling curves.

LM Scaling Law as Asymptotic Phenomenon
[analegons to Watsan expansions for krge compate)

—Styed LIM s L - a s BN

wing loss L

Tra

Model sizn N {parameeers)

Figure 7. Stylized LLM scaling law (log—log). Training loss decreases as a power of model size N, formally analogous
to the asymptotic expansions obtained from Watson’s lemma for large spectral parameter.

In this sense the KL apparatus does not claim to replace the empirical scaling literature; rather it offers a complementary
set of exact identities and uniform estimates that can be used to convert continuous mean field models of training into
discrete sums over GPU ranks, and to control the error incurred by such discretization.

5. Conclusion

The core analytic theory of the KL transform, supplying complete proofs of the uniform estimates, the Watson-type
asymptotic lemma for entire functions of exponential type, and the Poisson-type summation formulas that follow from
the Fourier representation of the Macdonald kernel. Figures illustrate the mathematical objects and their direct
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application to GPU-cluster resource allocation, data centre power/thermal scaling, multi-tier infrastructure supply-chain
aggregation, and LLM training scaling laws.

The methodological parallel drawn in the Introduction has been expanded and visualized in Figures. The same
combination of contour integration, growth estimates and Poisson summation that yields identity appears, mutatis
mutandis, when one converts continuous resource integrals arising in GPU-cluster scheduling or data centre thermal
models into discrete sums over hardware units. Likewise, the uniform bound supplies an a-priori majorant analogous to
capacity constraints that must be respected by any reliable infrastructure supply chain. The contemporary literature on
supply-chain resilience, digital twins, Al-enhanced transparency and energy efficient electromechanical plant furnishes
a rich set of applied problems to which these analytic tools may be directed. While the present paper remains strictly
mathematical, the analogies and figures developed herein may stimulate further interdisciplinary work at the interface
of classical special function theory and the asymptotic analysis of large-scale computing systems that train the next
generation of large language models.
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