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Abstract

The Fourier—Kontorovich—Lebedev (FKF) transform is a hybrid integral
transform whose kernel is the product of a Fourier exponential factor and the
Macdonald function of purely imaginary order. Its rigorous extension to
generalized functions rests on a carefully constructed testing-function space
equipped with a countable family of seminorms. This paper presents a
detailed mathematical account of convergence in that testing space. We
define the multinorm topology, state the precise notion of sequential
convergence, contrast it with weaker pointwise notions, and explain why the
topological formulation is indispensable for justifying differentiation under
the transform sign, passage of limits, continuity of the distributional pairing,
and spectral monitoring applications in multi-scale supply-chain systems.
Ilustrative figures depict seminorm decay, the underlying domain €, the
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1. Introduction
Integral transforms that combine temporal frequency analysis with scale-dependent spectral analysis are natural tools
for signals that evolve simultaneously in time and in a positive-valued operational variable (inventory level, lead-time,
distance, intensity of disruption, etc.). Classical Fourier analysis captures oscillatory behaviour in the time variable,
while the Kontorovich-Lebedev (KL) transform is adapted to the positive half-line and to the radial or scale structure
that appears in many physical and operational models. The two-sided Fourier—Kontorovich—Lebedev (FKF) transform
realises precisely this combination: it acts as a hybrid transform whose spectral variables jointly encode temporal
frequency and a continuous scale parameter. Its kernel is the product
Ks,q tx) = e st Kiq (%)
where ¢ is the Fourier spectral variable, T is the Kontorovich—Lebedev spectral variable, and K,, denotes the Macdonald
function (modified Bessel function of the second kind) of purely imaginary order. The underlying spatial-temporal
domain is the half-plane
R X (0,0) = {(t,x): t € R,x > 0}
For ordinary (sufficiently decaying) functions the transform is defined by an absolutely convergent double integral. For
generalized functions the transform is defined by continuous linear pairing against a carefully chosen testing-function
space. The construction of that space, and the precise meaning of convergence within it, are therefore foundational: they
determine which limiting procedures are legitimate, which differentiation-under-the-integral-sign arguments are valid,
and which spectral indicators can be monitored in real time.
In the present note we specialize ideas to the FKF setting and emphasize the consequences for applications that arise in
multi-scale supply-chain modelling and digital-twin monitoring [15, [16], [17].
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The topology of the FKF testing space is generated by a countable family of seminorms that simultaneously control
growth at infinity (through a weight adapted to a vertical strip in the complex Fourier plane) and smoothness of all orders
(through ordinary derivatives in the time variable and a KL-adapted differential operator in the positive variable).
Sequential convergence with respect to this multinorm is strictly stronger than pointwise convergence or uniform
convergence on compact sets. Because the space is sequentially complete, every Cauchy sequence converges to an
element of the same space; the dual is therefore also sequentially complete, which legitimizes the passage from discrete
empirical measures to continuum limits and the interchange of limits with the distributional pairing.

These topological properties underwrite every subsequent analytic operation that appears in applications: differentiation
under the transform sign (needed for analyticity in the spectral strip), contour deformation, inversion formulae, Monte-
Carlo averaging of ensembles of transforms, and real-time computation of spectral deviation indicators on sliding
windows. Without a precise notion of convergence, one cannot justify that a sequence of windowed or discrete
transforms converges to the transform of a limiting continuous signal, nor that a spectral indicator remains continuous
under small perturbations of the underlying operational data.

The purpose of the present note is therefore threefold: (i) to give a self contained, mathematically detailed exposition of
sequential convergence in the FKF testing space; (ii) to illustrate the topology by schematic curves and domain plots;
and (iii) to indicate the principal applications Monte-Carlo spectral ensembles [2], [3], windowed digital-twin [4], [5],
[6] monitoring, and discrete to continuum limits that rely on this topological foundation..

2. Sequential Convergence in the Multinorm Topology
Let .QZ",I; KF denote the testing-function space satisfy a countable family of seminorms of the form

a,b,a

Yok, (9) = supea Gp(t,2) D 4" p(t, )] < oo
of the Fourier—Kontorovich-Lebedev (FKF) transform, equipped with the countable family of seminorms y,?’b ** indexed
by multi-indices k = (k4,k2) € Ny X Ny. A differential operator adapted to the KL kernel; a classical choice is the
second-order operator
A, = x* — x(d/dx)(x d/dx)

A sequence {¢, }y=1 C .QZ";; KF is said to converge to @ € ng KF if and only if every defining seminorm tends to zero:

a,b,a

(@ — @) >0 as v > oo
holds for every multi-index k = (kq, k,). Equivalently, the weighted supremum of all derivatives of all orders tends to
Zero:
supevyen M6 (60 D 4 (0 = @)(6,2)] = 0
This notion of convergence is topological (strong) with respect to the multinorm topology generated by the family

{yéa'b'a}}. It is strictly stronger than both pointwise convergence and uniform convergence on compact subsets of Q.

The weight function 77 ;, enforces uniform control of the growth of the functions and all their derivatives at spatial and

temporal infinity, while the differential operators D_t and 4_x (or the KL-adapted operator A,,) enforce uniform control
of smoothness.
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Figure 1. Domain Q = {(tx) : t €R, x > 0} together with a schematic weight that controls growth of testing functions
and their derivatives.

2.1. Sequential completeness. The space is sequentially complete: if a sequence satisfies the Cauchy condition
a,b,a

Y (@y — @) 20 as pv o o
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for every multi-index k, then there exists an element ¢ of the space such that ¢ v — ¢ in the multinorm topology.
Consequently, every Cauchy sequence converges inside the same functional framework, which is indispensable for the
construction of the dual and for the justification of limiting procedures under the integral sign.
Let § denote the FKF testing-function space. A sequence {¢,} in § converges to ¢ € § if and only if, for every
seminorm py in the countable family that generates the topology,
p(@n—9) >0 as n -
Each seminorm simultaneously encodes a weight factor that guarantees rapid decay (or controlled growth compatible
with a vertical strip) in the Fourier variable and the action of the differential operator
o, d d
Ay = x“— x Ix [x E]
together with its iterates, which is the natural operator associated with the Macdonald kernel. Sequential completeness
of § follows from the completeness of the underlying Fréchet space of rapidly decreasing smooth functions on the half-
plane, once the multinorm is shown to be equivalent to a standard Gelfand—Shilov-type family adapted to the product
structure.
Consequently, every Cauchy sequence in the dual of continuous linear functionals converges in the weak-* topology,
legitimizing the passage to continuum limits of discrete spectral measures that arise in empirical digital-twin data
streams.
2.2. Comparison with weaker topologies. Pointwise convergence (or convergence in the topology of D(L2)) does not
control the behavior at infinity induced by the weight ), nor does it automatically control all derivatives uniformly. In
applications that require differentiation under the transform sign or continuous dependence of spectral indicators on the

underlying signal, the full multinorm topology is therefore the appropriate setting.

The collection {yéa’b’“}} of all such seminorms is a countable multinorm. Equipped with the topology generated by this

multinorm, the space becomes a countably multinormed, sequentially complete, locally convex Hausdorff space. It
contains the classical space D(Q) of compactly supported smooth functions as a dense subspace; consequently its dual
contains all ordinary distributions in the sense of Zemanian as well as a larger class of generalized functions of controlled
exponential growth.

Figure 2. Schematic illustration of multinorm convergence: each seminorm y _k(p_v — @) tends to zero as the sequence
index v increases.

2.3 Implications for Multi-Scale Supply-Chain and Digital-Twin Monitoring

In the operational setting the positive variable x may represent inventory level, cumulative lead-time, or intensity of a
disruption. The FKF transform then yields a joint spectrogram whose temporal frequency axis tracks oscillatory demand
patterns while the KL axis resolves scale-dependent features of the inventory or disruption [7], [8] process. Because
sequential convergence is available, one may form Monte-Carlo ensembles of windowed transforms of simulated sample
paths and pass to the limit inside the dual pairing, obtaining rigorous confidence bands for spectral deviation indicators.
Likewise, when a sequence of discrete empirical measures (constructed from high-frequency sensor data) converges in
the dual of S, the corresponding sequence of FKF transforms converges to the transform of the limiting continuous
signal. This discrete to continuum justification is indispensable for real-time digital-twin monitoring systems that
continuously update spectral indicators on sliding temporal windows.

The topological foundations presented here therefore supply the rigorous analytic backbone required by the emerging
literature on quantum logistics [9], [10], [11], resilient supply chains [12], [13], and intelligent digital twins [14], [15].
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Figure 3. Schematic comparison of pointwise residual decay versus the stronger topological residual (maximum of the
relevant seminorms). Topological control decays faster and guarantees uniformity of derivatives and growth.

3. Why the Topological Formulation Matters
The multinorm topology is not an arbitrary technical device; it is the precise functional-analytic structure that converts
formal manipulations of the FKF transform into rigorous statements. Without it one cannot justify continuity of the
distributional pairing, analyticity of the spectral transform, or the passage of limits that appear in Monte-Carlo averaging
and windowed monitoring. The subsections below spell out the principal mechanisms.
3.1 Continuity of the Distributional Transform
The FKF transform of a distribution f belonging to the dual space is defined by continuous linear pairing against the
kernel:

F(s,q) = (f, Ks,q)
For the pairing to be well-defined the kernel kg, (or a suitable approximation to it) must belong to the testing space.
Continuity of the transform map f = F with respect to the dual topology is then equivalent to the statement that

(frov) = {f,0)

whenever ¢,, = ¢ in the multinorm topology. In other words, the topology on the testing space is precisely the topology
that makes every distributional FKF transform continuous by definition. Explicitly, every distribution f of finite order
satisfies a continuity estimate of the form

(f. ) < € maxgenyc™ ()
for some constants C and N that depend only on f and on the strip parameters a < b and the growth parameter a. This
estimate is the quantitative expression of continuity.
3.2 Differentiation under the Transform Sign
Analyticity of the transform F(s, q) inside the open vertical strip a < Re s <b (with q > 0 fixed) follows from the fact
that the differentiated kernels remain inside the testing space and that the corresponding seminorms remain bounded and
for an analogous identity for derivatives with respect to the KL variable g, consider the difference quotient
Ks+hq — Ksgq
Apk = — 5
As h — 0 the difference quotient converges to the partial derivative 0k/0s in the multinorm topology of the testing space.
Consequently, the difference quotient of the transform
F(s+hq) — F(s,q) _

h - (fr AhK>
converges to the pairing against the differentiated kernel, which yields the identity
oF OKsq
- = (f, )
0s ds

An analogous argument applies to differentiation with respect to the Kontorovich—Lebedev spectral variable q. The
topological formulation is essential: without convergence of the difference quotients in the multinorm topology one
cannot interchange the limit and the distributional pairing.
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Figure 4. Schematic magnitude of the FKF transform in the spectral plane (Re s, q). The vertical dashed lines indicate
the boundaries of a typical strip of analyticity determined by the growth parameters a < b of the testing space.

3.3 Passage of Limits and Approximation

Suppose a sequence of ordinary (or tempered) functions f,, converges to a generalized function f in the dual topology,
and suppose the corresponding transforms £, converge in a suitable topology on the spectral side. The multinorm

estimates supply the dominated convergence-type bounds needed to justify interchanging the limit and the pairing:

lirrln(fn,go) = (f,p) foreveryo € .Qg,'gKF

Because the classical space D() of compactly supported smooth functions is dense in the testing space, inversion
formulae established first for ordinary functions extend by continuity to the whole dual. Dense subclasses may therefore
be used to establish inversion theorems that remain valid for the generalized functions that arise in supply-chain
modelling.

3.4. Dual (Distributional) Convergence

A sequence of distributions {f,,} converges to f in the dual space (.(23"5 KEY"if
a,FKF

(fo@) = (f,o) foreveryp € Ny,
Because the topology on the testing space is generated by a countable family of seminorms, the dual is a complete locally
convex space under the strong dual topology. Sequential completeness of the testing space implies sequential
completeness of the dual: every Cauchy sequence of distributions (with respect to the strong dual topology) converges
to an element of the dual. This fact legitimizes limiting procedures performed on the distributional side, such as the
passage from discrete empirical measures to continuous limiting signals in supply-chain data.
In practice one often works with the weaker topology of pointwise convergence on the testing space (the weak* topology
on the dual). The multinorm topology, however, remains the fundamental structure: it guarantees that the dual is barreled
and that the closed-graph theorem applies to continuous linear operators defined on the dual, including the FKF
transform itself.

4. Applications to Supply-Chain Spectral Analysis

In supply-chain modelling the positive variable x represents inventory level, lead-time, distance or intensity of
disruption, while t is calendar time. The FKF transform converts a two-dimensional operational signal f(t,x) into a joint
spectral representation F(s,q). The topological notions developed above supply the rigorous justification for the
computational procedures used in practiceS.1 Monte-Carlo Ensembles in the dual topology follows from the multinorm
estimates on the test-function side.

4.1 Monte-Carlo Ensembles

Suppose M independent simulation paths produce signals f,.(t,x)), r = 1, 1dots, M. Their transforms Fr(s, q)) are well-
defined once each f,. belongs to the dual of the testing space. The empirical mean

M
Fy = (/M) ) F,
r=1

converges in the dual topology to the transform of the expected signal as soon as the corresponding test-function averages
converge in the multinorm topology. The seminorm estimates therefore furnish explicit rates of convergence for the
Monte-Carlo spectral estimator
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Monte-Carlo spectral ensemble
Gg>0

Re s
Figure 5. Monte-Carlo spectral ensemble: individual transforms E, (gray) and their empirical mean F M (blue) in the
spectral plane.
4.2 Windowed Monitoring and Digital Twins
A sliding-window signal fr(t,x) = Lgr—w,r(t) f(t, x) is approximated by a sequence of smoothed cut-offs ¢_g(t)
f(t,x). As the cut-off parameter € — 0 the sequence converges in the testing-space topology (provided the original

signal possesses the growth controlled by n). Consequently the windowed transforms converge, and the normalised
spectral deviation indicator

_ |Fr(s,q) = Fo(s,q)l
6(s,q) =
|F 0 (S ’ q)l + €
is rigorously justified. Large values of 6 signal structural or regime changes that may be difficult to detect in the original
time-scale domain. The topological formulation guarantees that the indicator is continuous with respect to small
perturbations of the underlying signal in the dual topology.

Windowed spectral deviation monitoring

1 Tem bl i o mindow 1 Specaul sevkasion meicar 4.

[

Figure 6. Windowed spectral monitoring: a sliding window of width W on the time signal (left) produces the spectral
deviation indicator d(s,q) (right).

4.3 Discrete Data and Continuum Limits

Discrete supply-chain records (sampled inventories, discrete-event simulations) may be viewed as sequences of discrete
measures. Convergence of those measures in the dual of the FKF testing space guarantees that their transforms converge
to the transform of the limiting continuous signal. This legitimises the application of continuous spectral indicators to
discrete operational data and provides a precise sense in which a discrete-event simulation approximates a continuum
digital twin.

Discrvte-to-continusm limit in FKF dual

Dinrets sapphy-stubs ot Continaam Sudl
ooy sy w—dut)

T

Figure 7. Discrete-to-continuum limit: empirical discrete measures on the left converge in the dual topology to a
continuum density on the right, legitimising continuous FKF spectral indicators on discrete operational data.

5. Conclusion

Convergence in the FKF testing space is the precise topological language that converts formal manipulations of the FKF
transform into rigorous statements about generalized functions. The countable multinorm generated by weighted
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derivatives of all orders forces simultaneous control of growth and smoothness; sequential completeness of the resulting
locally convex space guarantees that Cauchy sequences of test functions (and, dually, of distributions) converge inside
the same functional framework. This topology underpins continuity of the distributional pairing, analyticity of the
spectral transform, passage of limits under the integral sign, and the justification of Monte-Carlo averaging and real-
time spectral monitoring for multi-scale supply-chain signals.

Future work should focus on quantitative estimates of seminorm constants for concrete supply-chain kernels, efficient
numerical realization of the discrete FKF transform that respects the underlying topology, and systematic comparison
of FKF spectral indicators against classical Fourier, wavelet and time-series diagnostics on real industrial data sets.

References
[1] A. Matani, “Improving Energy Efficiency by Controlling Mechanical Losses Of Electric Motors In SMEs And
SSIs,” International Journal of Mechanical and Production Engineering Research and Development (IJMPERD),
Vol. 3, Issue 4, pp. 63—68, Oct. 2013.

[2] A. Gulhane, “Internet of Things, Artificial Intelligence, and Quantum Computing: A Convergent Framework
for Smart Logistics Ecosystems,” International Journal of Engineering Science and Advanced Technology
(IJESAT), Vol. 24, Issue 12, pp. 297-317, 2024.

[3] A. Gulhane, “Industry 5.0 and Intelligent Logistics: Transforming Supply Chain Operations through Human-
Centric Automation,” International Journal of Engineering Science and Advanced Technology (IJESAT), Vol. 24,
Issue 12, pp. 287296, 2024.

[4] A. Gulhane, “Advancements in Automotive Batteries: A Review,” International Engineering Journal for
Research & Development, Vol. 8, Issue 6, pp. 18-57, 2023.

[5] A. Gulhane, “The Future of Vehicles: Solar-Powered Battery Electric Hybrid Vehicle Architecture,” Tech Briefs
Contest, 2020.

[6] A. Gulhane, “Digital Twin Technology for Building Resilient and Adaptive Global Supply Chains: A Review,”
International Research Journal of Modernization in Engineering Technology and Science, Vol. 6, Issue 12, 2024.
DOI: 10.56726/IRIMETS64992.

[7] A. Gulhane, “Artificial Intelligence Applications in Sustainable Logistics and Green Supply Chain
Management: A Bibliometric Review,” International Research Journal of Modernization in Engineering Technology
and Science, Vol. 6, Issue 12, 2024. DOI: 10.56726/IRIMETS65006.

[8] A. Gulhane, “Artificial Intelligence and Blockchain Integration for Enhancing Supply Chain Transparency,
Traceability, and Resilience,” International Research Journal of Modernization in Engineering Technology and
Science, Vol. 6, Issue 12, 2024. DOI: 10.56726/IRIMETS65016.

[9] A. Gulhane, “Power Line Carrier Communication Based Anti-Theft System,” International Journal of Research
in IT and Management (IJRIM), Vol. 4, Issue 12, pp. 1-11, 2014.

[10] A. Gulhane, “Battery Sizing for Plug-in Hybrid Electric Vehicles — Formula Hybrid,” IEEE
International Conference on Power, Control, Signals and Instrumentation Engineering (ICPCSI), pp. 368—372,2017.
DOI: 10.1109/ICPCSI1.2017.8392317.

[11] A. Gulhane, “A Review of Resilience in Global Supply Chains,” International Engineering Journal for
Research & Development (IEJRD), Vol. 8, Issue 4, 2024.

[12] A. Gulhane, “Swipe Controller,” International Journal of Research in Engineering and Applied Sciences
(IJREAS), Vol. 4, Issue 12, pp. 1-7, 2014.

[13] A. Gulhane, “Smart Mobility and Intelligent Transportation Systems: Emerging Trends, Technologies,
and Challenges,” International Journal of Scientific Research in Engineering and Management (IISREM), Vol. 9,
Issue 11, Nov. 2025. DOI: 10.55041/1JSREM53436.

[14] A. Gulhane, “Recent Advances in Electric Vehicle Battery Technologies: Materials, Management
Systems, and Sustainability Perspectives,” International Journal of Scientific Research in Engineering and
Management (IJSREM), Vol. 9, Issue 7, Jul. 2025. DOI: 10.55041/IJSREM51198

© 2026 The Author(s). Published by IJCOPE Journal. Website: https://ijcope.org/ 7


https://ijcope.org/

o B
International Journal of Creative and Open Research in Engineering and Management it~} }
ISSN: 3108-1754 (Online) ‘ *,
Volume 02 Issue 08 Augustl-2026 | Impact Factor: 3.5 R ¥

[15] A. Gulhane, “Quantum Computing in Transportation and Logistics: Current State, Industrial
Applications, and Future Directions,” International Journal of Scientific Research in Engineering and Management
(IISREM), Vol. 9, Issue 9, Sep. 2025. DOI: 10.55041/IJSREM52469.

[16] A. Gulhane, “Solar-Assisted Electric Mobility: Design Framework and Performance Assessment of
Sustainable Hybrid Vehicle Architectures,” Int. J. Engg. Res. & Sci. & Tech., Vol. 21, No. 3, pp. 362368, 2025.
[17] A. Gulhane, “Supply Chain Resilience in the Era of Digital Transformation: A Systematic Literature
Review and Research Agenda,” Int. J. Engg. Res. & Sci. & Tech., Vol. 21, No. 4, pp. 1058-1068, 2025.

[18] A. Gudadhe et al., “On LS Spaces of Gelfand—Shilov Technique,” Bulletin of Pure & Applied Sciences,
Vol. 25, Issue 1, pp. 351-354, 2006.

[19] A. Gudadhe et al., “Distributional LK Transform, Distributional Impulsive Signals and System
Response,” Proceedings of the 7th WSEAS International Conference on Applied Mathematics, pp. 1-6, 2005.

[20] A. Gudadhe et al., “On Structure Formula for Generalised Laplace—Meijer Transform,” Acta Ciencia
Indica Mathematics, Vol. 32, Issue 1, 2006.

[21] A. Gudadhe et al., “On Analytic Behaviour of LK Transform of Generalised Function,” Acta Ciencia
Indica Mathematics, Vol. 31, Issue 3, 2006.

[22] G. Padmaja, “Performance Analysis of Topological Creative Spaces for Distributional Generalized
Transform,” International Journal of Engineering Research and General Science, Vol. 8, No. 3, pp. 12—16, 2020.
[23] G. Padmaja, “Exponential Growth of Conventional Topological Spaces with Different Kernels,” IOSR
Journal of Engineering (IOSRJEN), Vol. 10, Issue 3, Series II, pp. 19-24, Mar. 2020.

[24] G. Padmaja, “Empirical Analysis of Duality Spaces Connecting Distinct Optical Form Transforms,”

International Journal of Management and Humanities (IJMH), Vol. 4, Issue 10, June 2020. DOI:
10.35940/ijmh.10840.0641020.

[25] G. Padmaja, “Different Versions of the Inverse Fourier—Stieltjes Transform,” Archives of Applied
Science Research, Vol. 4, Issue 3, pp. 1329-1331, 2012.
[26] G. Padmaja, “Unifying Transforms for Singular Cauchy Problems in Quantum Logistics, Supply Chain

Resilience, and Energy Systems,” International Journal of Innovative Research in Engineering, Vol. 7, Issue 4, pp.
71-76, Jul.—Aug. 2026. DOI: 10.59256/ijire.20260704010.

[27] Harle, SM, & et al , “Investigation of Mechanical Behavior of Steel Fiber-Reinforced Geopolymer
Concrete Under ulti-Axial Stress Conditions,” Hydraulic and Civil Engineering Technology IX: Proceedings of the
9th International Technical Conference on Frontiers of HCET, Sanya, China, SAGE Publications, 25-27 September
pp 555-561, 2024

[28] Harle, SM, & et al , “Comparison,” Global Journal of Current Research in Urban Architecture and
Regional Planning, Global Journal of Current Research in Urban Architecture and Regional Planning, vol 1, 2018/6,
Issue 1, Pages 1-15

[29] Harle, SM, & et al, “White Topping In Roads: Review”, Journal of Structural and Transportation
Studies, Volume 1, Issue 3, 2016.

[30] Harle, SM, & et al (2024, February). Durability and long-term performance of fiber reinforced polymer
(FRP) composites: A review. In Structures (Vol. 60, p. 105881). Elsevier. 15.

[31] Harle, SM, & et al (2024). Advancements and challenges in the application of artificial intelligence in
civil engineering: a comprehensive review. Asian Journal of Civil Engineering, 25(1), 1061-1078. 16.

[32] Harle, SM, & et al (2024, August). Advancing seismic resilience: Focus on building design techniques.

In Structures (Vol. 66, p. 106432). Elsevier.

© 2026 The Author(s). Published by IJCOPE Journal. Website: https://ijcope.org/ 8


https://ijcope.org/
https://journals.sagepub.com/doi/abs/10.3233/ATDE241034
https://journals.sagepub.com/doi/abs/10.3233/ATDE241034

