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Abstract 

This paper develops a unified spectral framework based on the two-sided Fourier–

Kontorovich–Lebedev (FKF) transform for the analysis of multi-scale dynamical 

systems that arise simultaneously in supply-chain logistics, civil infrastructure 

monitoring and hybrid-vehicle battery management. The FKF kernel is the product 

of a complex exponential in the temporal variable and the Macdonald function of 

purely imaginary order in a positive intensity or geometric coordinate. Differentiation 

rules with respect to both the Fourier frequency and the Kontorovich–Lebedev 

differential operator are established with complete proofs. These rules convert linear 

balance equations and cascade transfer functions into algebraic relations in the 

spectral domain. The resulting theory is applied to (i) demand and traffic-load 

spectra, (ii) inventory and residual-capacity balances, (iii) the bullwhip effect and 

multi-span load amplification, (iv) modal identification of multi-span bridges via 

residue-pole geometry, and (v) resonance extraction from the impedance spectrum 

of a hybrid-vehicle battery management system (BMS). Explicit energy indicators, 

amplification factors and residue-energy proxies are derived. The framework 

supplies a common mathematical language for resilience assessment across logistics 

networks, structural health monitoring and electro-chemical energy storage. 

 

Fourier–Kontorovich–Lebedev transform; Macdonald function; distributional 

transform; spectral differential property; supply-chain resilience; multi-scale 

inventory; digital twin; quantum logistics. 

 

 

1. Introduction 

Modern supply chains, transportation networks and hybrid-electric vehicle platforms share a common mathematical structure: 

observables evolve in continuous time while simultaneously depending on a positive geometric, intensity or state-of-charge 

coordinate. Traffic-load intensity on a pavement, inventory level along an echelon, residual structural capacity of a bridge span, and 

electrochemical impedance of a battery cell all exhibit multi-scale behavior that cannot be captured by a purely temporal Fourier or 

Laplace transform [6, 11, 17]. 

The classical Fourier transform diagonalizes constant-coefficient temporal operators, yet it leaves the positive radial or intensity 

variable untreated. Conversely, the Kontorovich–Lebedev (KL) transform, whose kernel is the Macdonald function K_iq(x) of 

purely imaginary order, is the natural spectral tool for the singular Sturm Liouville operator that appears in wedge geometries, radial 

diffusion and intensity-dependent balance laws [18–21]. Their product the FKF transform therefore furnishes a joint spectral 

representation ideally suited to the hybrid time–intensity processes that dominate logistics and civil-engineering measurements [22–

26]. 

In parallel, the same residue calculus that extracts modal poles from the FKF spectrum of a multi-span bridge acceleration field can 

be applied, essentially without change of language, to the impedance spectrum of a hybrid-vehicle battery management system. 

Recent advances in battery materials, sizing and solar-assisted architectures [4, 5, 10, 14, 16] have made precise resonance and 

degradation detection a critical requirement for safe operation. Likewise, Industry 5.0 logistics and digital-twin resilience 

frameworks [2, 3, 6–8] demand spectral diagnostics that remain valid across widely different spatial or intensity scales. 

The present work makes three principal contributions. First, it supplies a complete set of differentiation rules for the FKF transform, 

including rigorous proofs for the temporal Fourier variable and for the KL differential operator. Second, it systematically translates 

the classical supply-chain balance equations and the multi-echelon transfer function cascade into the FKF domain, thereby obtaining 

explicit spectral energy indicators and bullwhip amplification factors. Third, it demonstrates that the identical residue-pole geometry 
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used for structural health monitoring of multi-span bridges also yields a practical residue-energy proxy for hybrid-vehicle BMS 

resonance extraction. The resulting theory therefore unifies three previously separate application domains under a single integral-

transform framework. 

The remainder of the paper is organized as follows. Section 2 recalls the definition and basic analytic properties of the FKF kernel. 

Section 3 derives the differentiation rules with full proofs. Section 4 develops the spectral theory for demand spectra, inventory 

balances, bullwhip amplification, bridge modal identification and BMS residue extraction. Section 5 concludes. 

1.1 Literature Review 

Spectral methods for supply-chain dynamics have historically relied on discrete-time Fourier or z-transforms of linearized inventory 

policies. The classic bullwhip literature demonstrates that demand variance is amplified upstream whenever forecast updates, order 

batching or lead-time delays are present [6, 11, 17]. Continuous-time fluid models and convective-instability analyses further clarify 

that amplification can occur even in the absence of unstable eigenvalues, purely through resonance with the natural frequencies of 

the cascade [2, 3]. Digital-twin and AI-enabled logistics frameworks [7, 8, 15] have recently begun to incorporate real-time spectral 

indicators, yet they still lack a transform adapted to the positive intensity coordinate that appears in capacity and traffic-load models. 

In civil engineering, structural health monitoring (SHM) of multi-span bridges routinely employs modal analysis of acceleration 

records. Residue and pole extraction from rational transfer-function models remains a standard technique for detecting damage-

induced shifts in natural frequencies [27–32]. The same residue calculus appears in electrochemical impedance spectroscopy of 

lithium-ion and hybrid battery packs, where each charge-transfer or diffusion mode contributes a distinct pole–residue pair [4, 14]. 

The mathematical kinship between these two applications has not previously been exploited. 

On the pure-transform side, the Kontorovich–Lebedev transform and its distributional extensions have been studied extensively [18–

21]. Analytic properties of related index transforms, duality spaces and Gelfand–Shilov-type techniques appear in [22–25]. A recent 

unifying perspective on singular Cauchy problems in quantum logistics and energy systems is given in [26]. The product Fourier–

KL (or FKF) transform has been employed for wedge and corner flows in continuum mechanics, but its systematic application to 

supply-chain balances and hybrid-vehicle impedance models is new. 

 

2. The FKF Kernel and Its Components 

The FKF kernel of a sufficiently regular function f(t,x) defined for t ∈ ℝ and x > 0 is the product given by 

𝛹(𝑠,𝑞) (𝑡, 𝑥) =  𝑒−𝑖𝑠𝑡 𝐾𝑖𝑞(𝑥) 

where s ∈ ℝ is the Fourier frequency and q ∈ ℝ is the continuous spectral parameter of the Kontorovich–Lebedev transform. The 

Macdonald function 𝐾𝑖𝑞(𝑥) of complex order ν separates the temporal oscillation from the intensity-dependent Macdonald function 

of complex order ν satisfies the modified Bessel equation 

𝑥2 𝑦″ +  𝑥 𝑦′ −  (𝑥2  +  𝜈2)𝑦 =  0. 

With ν = iq one obtains 

𝑥2 𝐾𝑖𝑞(𝑥)  +  𝑥 𝐾𝑖𝑞(𝑥)  − (𝑥2  −  𝑞2)𝐾𝑖𝑞(𝑥)  =  0. 

Consequently 𝐾𝑖𝑞(𝑥) is an eigenfunction of a second-order differential operator that will be identified with the Kontorovich–Lebedev 

operator A_x in the next section. The domain of the two-sided FKF transform is illustrated in Figure 1: the temporal axis is 

unrestricted while the intensity axis remains strictly positive. 

 

 
Figure 1. Domain of the two-sided FKF transform with product kernel. 

Under suitable growth and decay conditions the inversion formula recovers f from its FKF spectrum by a double integral involving 

the same kernel (with conjugate frequency signs) weighted by the Plancherel measure q sinh(π q) dq ds. The precise constants are 

classical and are omitted here; the operational calculus developed below does not require the explicit inverse. 
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3. Differentiation Rules 

In this section we establish the fundamental differentiation properties of the FKF transform. Throughout, we assume that the 

functions under consideration possess sufficient decay and smoothness so that all boundary terms arising in integration by parts 

vanish and that differentiation under the integral sign is justified. 

3.1 Differentiation with Respect to the Fourier Variable 

Let 𝑓 =  𝑓(𝑡, 𝑥) be a suitable function of the time variable 𝑡 ∈  ℝ and the radial variable 𝑥 >  0. Denote by 𝐹(𝑠, 𝑞)  =

 𝐹𝐾𝐹[𝑓](𝑠, 𝑞) its FKF transform, where 𝑠 ∈  ℝ is the Fourier dual variable and 𝑞 >  0 is the Kontorovich–Lebedev dual variable. 

3.1.1 First-order identity 

Under the assumption of sufficient decay at infinity, integration by parts yields the first-order differentiation rule 

𝐹𝐾𝐹[
𝜕𝑓

𝜕𝑡
](𝑠, 𝑞)  =  𝑖𝑠 𝐹(𝑠, 𝑞). 

Proof. 

By definition of the Fourier component of the FKF transform (the Kontorovich–Lebedev kernel being independent of 𝑡), we have 

𝐹𝐾𝐹[
𝜕𝑓

𝜕𝑡
](𝑠, 𝑞)  = ∫ ∫

𝜕𝑓

𝜕𝑡
(𝑡, 𝑥) 𝑒{−𝑖𝑠𝑡} 𝐾𝑖𝑞(𝑥) 

𝑑𝑡

𝑥
 𝑑𝑥

∞

−∞

∞

0

 . 

Fix 𝑥 >  0 and consider the inner integral with respect to 𝑡. Integrating by parts with 

𝑢 =  𝑒{−𝑖𝑠𝑡},     𝑑𝑣 =  
𝜕𝑓

𝜕𝑡
 𝑑𝑡 

gives 

𝑑𝑢 =  −𝑖𝑠 𝑒{−𝑖𝑠𝑡} 𝑑𝑡,     𝑣 =  𝑓(𝑡, 𝑥). 

Consequently, 

∫
𝜕𝑓

𝜕𝑡
 𝑒{−𝑖𝑠𝑡}  𝑑𝑡

∞

−∞

=  [𝑓(𝑡, 𝑥) 𝑒{−𝑖𝑠𝑡}]−∞
∞ +  𝑖𝑠 ∫ 𝑓(𝑡, 𝑥) 𝑒{−𝑖𝑠𝑡} 𝑑𝑡

∞

−∞

. 

The boundary terms vanish by the assumed decay of 𝑓 as |𝑡|  →  ∞. Therefore 

∫
𝜕𝑓

𝜕𝑡
 𝑒{−𝑖𝑠𝑡}  𝑑𝑡

∞

−∞

=  𝑖𝑠 ∫ 𝑓(𝑡, 𝑥) 𝑒{−𝑖𝑠𝑡}  𝑑𝑡
∞

−∞

, 

and the claim follows upon restoring the Kontorovich–Lebedev integration. 

□ 

3.1.2 Higher-order identities 

Iteration of the first-order identity produces the higher-order differentiation rule 

𝐹𝐾𝐹[
𝜕𝑛𝑓

𝜕𝑡𝑛
](𝑠, 𝑞)  =  (𝑖𝑠)𝑛 𝐹(𝑠, 𝑞),     𝑛 ∈  ℕ. 

Proof. 

The statement is true for 𝑛 =  1 by the preceding result. Assume it holds for some 𝑘 ≥  1. Then 

𝐹𝐾𝐹[
𝜕𝑘+1𝑓

𝜕𝑡𝑘+1
]  =  𝐹𝐾𝐹[

𝜕

𝜕𝑡
(
𝜕𝑘𝑓

𝜕𝑡𝑘
)]  =  𝑖𝑠 ·  𝐹𝐾𝐹[

𝜕𝑘𝑓

𝜕𝑡𝑘
]  =  𝑖𝑠 · (𝑖𝑠)𝑘 𝐹(𝑠, 𝑞)  =  (𝑖𝑠)𝑘+1 𝐹(𝑠, 𝑞). 

By induction the identity is valid for every natural number 𝑛. 

As an immediate corollary we obtain the algebraic characterization of constant coefficient differential operators in the Fourier 

variable: 

𝐹𝐾𝐹[𝑃(
𝜕

𝜕𝑡
)𝑓](𝑠, 𝑞)  =  𝑃(𝑖𝑠) 𝐹(𝑠, 𝑞) 

for any polynomial 𝑃. 

3.2 The Kontorovich–Lebedev Differential Operator 

The companion identity involves the second-order differential operator that is diagonalised by the Kontorovich–Lebedev kernel. 

Define the KL operator 

𝐴𝑥  =  𝑥2  −  𝑥 
𝑑

𝑑𝑥
(𝑥 

𝑑

𝑑𝑥
). 

Expanding the expression yields the equivalent classical form 

𝐴𝑥 𝑓 =  −𝑥2 𝑓″ −  𝑥 𝑓′ + 𝑥2 𝑓 =  −(𝑥2
𝑑2

𝑑𝑥2
 +  𝑥 

𝑑

𝑑𝑥
 −  𝑥2)𝑓. 

3.2.1 Eigenfunction property of the Macdonald kernel 

The Macdonald function 𝐾𝑖𝑞(𝑥) (modified Bessel function of the second kind of purely imaginary order) satisfies the differential 

equation 

𝑥2 𝑦″ +  𝑥 𝑦′ − (𝑥2  −  𝑞2) 𝑦 =  0, 
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or, equivalently, 

𝐴𝑥𝐾𝑖𝑞  =  −𝑞2𝐾𝑖𝑞 . 

Thus 𝐾𝑖𝑞  is an eigenfunction of 𝐴𝑥 with eigenvalue −𝑞2. 

3.2.2 Transform identity for the KL operator 

The companion identity for the FKF transform reads 

𝐹𝐾𝐹[𝐴𝑥 𝑓](𝑠, 𝑞)  =  −𝑞2 𝐹(𝑠, 𝑞). 

Proof. 

Write the FKF transform as an iterated integral 

𝐹(𝑠, 𝑞)  =  ∫ ∫ 𝑓(𝑡, 𝑥)𝑒{−𝑖𝑠𝑡}  𝑑𝑡 𝐾𝑖𝑞(𝑥) 
𝑑𝑥

𝑥

∞

−∞

∞

0

. 

Applying 𝐴𝑥 under the integral (justified by the smoothness and decay hypotheses) and using the eigenfunction relation 𝐴𝑥𝐾𝑖𝑞  =

 −𝑞2𝐾𝑖𝑞 together with the self-adjointness of 𝐴𝑥 with respect to the measure 
𝑑𝑥

𝑥
 on (0, ∞), we obtain 

∫ (𝐴𝑥 𝑓)(𝑥) 𝐾𝑖𝑞(𝑥) 
𝑑𝑥

𝑥
 

∞

0

 = ∫ 𝑓(𝑥) (𝐴𝑥𝐾𝑖𝑞)(𝑥) 
𝑑𝑥

𝑥

∞

0

  =  −𝑞2  ∫ 𝑓(𝑥) 𝐾𝑖𝑞(𝑥) 
𝑑𝑥

𝑥

∞

0

. 

Restoring the Fourier integral finishes the proof. Alternatively, one may integrate by parts twice, using the explicit expression of 𝐴𝑥 

and the vanishing of all boundary terms at 0 and ∞. 

□ 

3.3 Combined Differentiation Properties 

The two families of operators commute in the transformed domain. Consequently, for any polynomials 𝑃 and 𝑄 we have the mixed 

identity 

𝐹𝐾𝐹[𝑃(
𝜕

𝜕𝑡
) 𝑄(𝐴𝑥) 𝑓](𝑠, 𝑞)  =  𝑃(𝑖𝑠) 𝑄(−𝑞2) 𝐹(𝑠, 𝑞). 

In particular, the mixed operator satisfies 

𝐹𝐾𝐹[
𝜕

𝜕𝑡
𝐴𝑥 𝑓](𝑠, 𝑞)  =  𝑖𝑠 (−𝑞2) 𝐹(𝑠, 𝑞)  =  −𝑖𝑠 𝑞2 𝐹(𝑠, 𝑞). 

3.4 Further Differentiation Properties 

3.4.1 Multiplication by the Fourier variable 

Differentiation with respect to the dual Fourier variable corresponds to multiplication by −𝑖𝑡 in the original domain (under suitable 

integrability): 

𝐹𝐾𝐹[−𝑖𝑡 𝑓](𝑠, 𝑞)  =  
𝜕𝐹

𝜕𝑠
(𝑠, 𝑞). 

Higher powers follow by iteration: 

𝐹𝐾𝐹[(−𝑖𝑡)𝑛 𝑓](𝑠, 𝑞)  =  
𝜕𝑛𝐹

𝜕𝑠𝑛
(𝑠, 𝑞). 

3.4.2 Action on the radial variable 

Because the Kontorovich–Lebedev transform is an index transform, differentiation with respect to the dual variable 𝑞 does not admit 

a simple closed-form expression in terms of a differential operator in 𝑥. Nevertheless, the operator 𝐴𝑥 already encodes the essential 

second-order radial differentiation that is diagonalised by the transform. 

3.4.3 Linearity and continuity 

All of the preceding identities are linear. Moreover, if a sequence 𝑓𝑛 converges to 𝑓 in a topology compatible with the FKF transform 

(e.g., a Schwartz-type space adapted to both the Fourier and the Kontorovich–Lebedev variables), then 

𝐹𝐾𝐹[
𝜕𝑛𝑓𝑛

𝜕𝑡𝑛
]  →  𝑖𝑠𝑛  𝐹,     𝐹𝐾𝐹[𝐴𝑥𝑓𝑛]  →  −𝑞2 𝐹 

in the corresponding dual topology. 

3.5 Summary of Differentiation Rules 

We collect the principal identities for convenient reference: 

   𝐹𝐾𝐹[
𝜕𝑓

𝜕𝑡
]  =  𝑖𝑠 𝐹, 

𝐹𝐾𝐹[
𝜕𝑛𝑓

𝜕𝑡𝑛
]  =  𝑖𝑠𝑛  𝐹,     𝑛 ∈  ℕ, 

   𝐹𝐾𝐹[𝐴𝑥 𝑓]  =  −𝑞2 𝐹, 

   𝐹𝐾𝐹[𝑃(
𝜕

𝜕𝑡
) 𝑄(𝐴𝑥) 𝑓]  =  𝑃(𝑖𝑠) 𝑄(−𝑞2) 𝐹, 

   𝐹𝐾𝐹[(−𝑖𝑡)𝑛 𝑓]  =  
𝜕𝑛𝐹

𝜕𝑠𝑛
. 
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These rules convert linear constant-coefficient differential operators in the original variables into multiplication operators in the dual 

variables (𝑠, 𝑞), thereby transforming partial differential equations into algebraic equations that are readily solved by division 

(provided the multiplier does not vanish). 

Remark. All formulae remain valid, with the obvious modifications of the constants, under any of the common normalizations of the 

Fourier transform (unitary, angular frequency, ordinary-frequency). The factor 𝑖𝑠 becomes 2𝜋𝑖𝑠 or 𝑖𝜉 according to the chosen 

convention; the eigenvalue −𝑞2 of the KL operator is independent of the Fourier normalisation. 

Under sufficient decay, integration by parts yields 

𝐹𝐾𝐹 [
𝜕𝑓

𝜕𝑡
] (𝑠, 𝑞) =  𝑖𝑠 𝐹(𝑠, 𝑞). 

Iteration produces the higher-order identity 

𝐹𝐾𝐹 [
𝜕ⁿ𝑓

𝜕𝑡ⁿ
] (𝑠, 𝑞) =  (𝑖𝑠)ⁿ 𝐹(𝑠, 𝑞),  𝑛 ∈  ℕ. 

The companion identity for the KL differential operator 

𝐴𝑥  =  𝑥2  −  𝑥 (
𝑑

𝑑𝑥
) (𝑥

𝑑

𝑑𝑥
) 

reads 

𝐹𝐾𝐹[𝐴𝑥 𝑓](𝑠, 𝑞) =  −𝑞2 𝐹(𝑠, 𝑞). 

 

 

 

4. Implications for Supply-Chain Analysis 

Supply-chain observables and civil-engineering measurements share a common multi-scale structure. Traffic-load intensity, seismic 

ground acceleration, inventory level and pavement damage index all vary with time while depending on a positive geometric or 

intensity coordinate [27–32]. The FKF transform therefore supplies a single spectral language for both domains. The same language 

extends, essentially without modification, to the impedance spectrum of a hybrid-vehicle battery pack [4, 10, 14]. 

4.1 — Demand  Load Spectrum 

Let D(t,x) represent demand intensity (or traffic-load intensity). Its FKF spectrum is 

𝐷𝐹(𝑠, 𝑞)  =  ∫  
∞

−∞

∫  
∞

0

 𝐷(𝑡, 𝑥)𝑒−𝑖𝑠𝑡  𝐾𝑖𝑞(𝑥) 𝑑𝑥 𝑑𝑡. 

A linear superposition 𝐷(𝑡, 𝑥) =  𝐷𝑏(𝑡, 𝑥)  + 𝐷𝑠(𝑡, 𝑥)  + 𝐷𝑝(𝑡, 𝑥)  

transforms term-by-term. A periodic component of period T contributes lines at 

𝑠𝑛  =  
2𝜋 𝑛

𝑇
,  𝑛 =  0, ±1, ±2, 𝑙𝑑𝑜𝑡𝑠 

The continuous spectral density |𝐷𝐹(𝑠, 𝑞)|2 therefore concentrates on vertical lines in the (s,q)-plane. The spectral energy contained 

in an arbitrary band B ⊂ ℝ² is the Plancherel integral 

𝐸𝐵  (𝐷) =  ∫  
𝐵

|𝐷𝐹(𝑠, 𝑞)|2𝑑𝑠 𝑑𝑞. 

Because the Macdonald weight already incorporates the natural measure of the intensity axis, 𝐸𝐵  (𝐷) is an intrinsic, scale aware 

energy indicator. In logistics applications this quantity measures the power carried by demand fluctuations inside a prescribed 

frequency intensity window; in pavement engineering it quantifies the cumulative damage potential of traffic spectra that occupy 

the same window [29, 31]. 

4.2 — Inventory / Residual-Capacity Balance 

A continuous balance for inventory or residual structural capacity reads 

𝜕𝐼

𝜕𝑡
=  𝑃(𝑡, 𝑥) −  𝐷(𝑡, 𝑥) −  𝑆(𝑡, 𝑥). 

where P is production or replenishment, D is demand or load, and S is a sink (spoilage, wear, or leakage). Application of the 

differentiation rule immediately produces the algebraic relation 

𝑖𝑠 𝐼𝐹(𝑠, 𝑞)  = 𝑃𝐹(𝑠, 𝑞)   − 𝐷𝐹(𝑠, 𝑞)  −  𝑆𝐹(𝑠, 𝑞). 

Solving yields the professional fraction 

𝐼𝐹(𝑠, 𝑞)  =  
𝑃𝐹   − 𝐷𝐹  −  𝑆𝐹

𝑖𝑠
. 

The factor 1/(i s) is the spectral signature of pure integration. Consequently, any high-frequency content present in the net flow P − 

D − S is attenuated in the inventory, while low frequency imbalances accumulate. The same formula governs residual capacity of a 

structural member once the sink S is interpreted as cumulative damage [30, 32]. The professional (physically admissible) fraction 
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of residual capacity is obtained by retaining only those spectral components for which the real part of the reconstructed I remains 

non-negative an operation that is straightforward once the inverse FKF transform is evaluated numerically. 

4.3 — Bullwhip Effect and Multi-Span Load Amplification 

In a multi-echelon supply chain (or a multi-span structural cascade) the order (or load) signal at stage n is related to the downstream 

demand by a linear spectral transfer function 𝐻𝑛(𝑠, 𝑞) ): 

𝑂𝑛(𝑠, 𝑞)  =  𝐻𝑛(𝑠, 𝑞) 𝐷𝑛(𝑠, 𝑞). 

Amplification occurs wherever |𝐻𝑛(𝑠, 𝑞)| >  1. 

For a cascade of N stages the composite operator is the product 

𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞)  =  ∏𝑛 = 1𝑁 𝐻𝑛(𝑠, 𝑞). 

An explicit energy amplification factor is 

𝐴(𝑠, 𝑞) =  |𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞)|2. 

The farthest upstream response satisfies 𝑂𝑁(𝑠, 𝑞)  =  𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞)𝐷𝑂(𝑠, 𝑞). 

 
Figure 2. Spectral magnitude response of a multi-echelon / multi-span cascade. 

The magnitude response 𝐻𝑡𝑜𝑡𝑎𝑙(𝑠, 𝑞) is independent of the delays; only the phase is affected. Figure 2 illustrates a typical spectral 

magnitude surface for a four-stage cascade: ridges of strong amplification appear at the resonant frequencies of the individual stages 

and become progressively higher as one move upstream 

Lead-Time and Wave-Propagation Delay 

A pure delay τ produces the phase factor 

𝑌(𝑠, 𝑞) =  𝑒−𝑖𝑠𝑡  𝐹(𝑠, 𝑞).s 

For a sequence of delays the total phase shift is −s 𝜏〖𝑡𝑜𝑡𝑎𝑙〗 with 

𝜏〖𝑡𝑜𝑡𝑎𝑙〗   = 𝜏1  +  ⋯ + 𝜏𝑁 . 

Disruption, Seismic Shock and Resilience 

A disruption or seismic component R added to a baseline G yields 

𝑌𝐹  = 𝐺𝐹   + 𝑅𝐹   

The associated spectral energy indicator is 

𝐸𝑅  =  ∫  
𝑆_𝑅

|𝑅𝐹(𝑠, 𝑞)|2𝑑𝑠 𝑑𝑞. 

quantifies the additional energy injected by the disruption inside any chosen frequency intensity support 𝐸𝑅 Resilience metrics can 

then be defined as the ratio of baseline energy to total energy after the shock, providing a scale-aware complement to classical time 

domain recovery curves [6, 11, 17, 32]. 

4.4 — Structural Health Monitoring of Multi-Span Bridges 

The measured acceleration field a(t,x) of a multi-span bridge possesses the FKF spectrum 

𝐴𝐹(𝑠, 𝑞)  =  ∫  
∞

−∞

∫  
∞

0

 𝑎(𝑡, 𝑥)𝑒−𝑖𝑠𝑡 𝐾𝑖𝑞(𝑥) 𝑑𝑥 𝑑𝑡. 

Modal identification proceeds from the rational expansion 

𝐻(𝑠) ≈  ∑
𝑟𝑘

𝑠 − 𝑝𝑘
𝑘

 +  𝐷. 

where 𝑝𝑘 are the complex poles (damping and natural frequency) and 𝑟𝑘 are the corresponding residues. Once the FKF spectrum has 

been computed, standard rational-approximation or vector-fitting algorithms recover the poles and residues. Damage-induced 

changes appear as systematic shifts of the poles or growth of the residue magnitudes. Figure 3 summarises the complete SHM 

pipeline: acquisition of the acceleration field, FKF transformation, rational approximation, and residue-pole visualization. 
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Figure 3. Multi-span bridge SHM pipeline with FKF spectrum and residue-pole geometry. 

Because the Macdonald kernel already encodes the spatial decay of modes on an infinite or semi-infinite deck, the resulting residue 

geometry is less sensitive to boundary truncation than a pure Fourier modal analysis. Recent advances in fibre-reinforced polymer 

(FRP) retrofits and AI-assisted damage classification [30, 31] can be directly coupled to the residue features extracted by the FKF 

pipeline 

4.5. Residue-Based Resonance Extraction for Hybrid-Vehicle BMS 

After the impedance spectrum Z(jω) of a hybrid-vehicle battery pack has been measured, the same partial-fraction philosophy 

applies. In the complex frequency plane, one writes transformation the impedance model admits the partial-fraction expansion 

𝑍(𝑠) =  ∑
𝑟𝑘

𝑠 −  𝑝𝑘
𝑘

 +  𝐷. 

where the poles now correspond to charge-transfer, diffusion and solid-electrolyte-interphase (SEI) time constants. A practical 

residue-energy proxy for each mode is   𝐸𝑘   ∝   (|𝑟𝑘|)/(|𝜎𝑘| ). 

 
Figure 4. Residue-based resonance extraction for hybrid-vehicle BMS. 

 

which weights the residue magnitude by the reciprocal of the damping (real-part) of the pole. Modes that are both strongly excited 

(large |𝑟𝑘|) and lightly damped (small |𝜎𝑘|) receive high scores and are flagged as potential resonance or degradation indicators. 

Figure 4 illustrates the extraction workflow: measured impedance, FKF (or ordinary Fourier) transformation, rational fitting, and 

residue-energy ranking. 

The identical mathematical object the residue-energy proxy therefore serves both structural health monitoring of bridges and battery-

management diagnostics of hybrid vehicles. This formal unity is a direct consequence of the shared rational structure of linear time 

invariant systems and of the ability of the FKF transform to map both spatial and intensity variables into a common spectral domain. 

Recent battery sizing studies and solar assisted hybrid architectures [5, 10, 14, 16] can incorporate the prox  as an on-board health 

indicator without additional sensing hardware. 

 

 Conclusion 

We have constructed a complete operational calculus for the FKF transform and demonstrated its utility across three technologically 

critical domains. Differentiation rules with rigorous proofs convert temporal derivatives and intensity-dependent differential 

operators into multiplications by i s and q², respectively. The resulting algebraic spectral domain yields explicit energy indicators 

for demand spectra, closed-form inventory transfer functions, composite amplification factors for multi-echelon cascades, and 

residue-energy proxies that serve equally well for multi-span bridge SHM and hybrid vehicle BMS resonance extraction. 
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The framework supplies a common mathematical language for multi-scale resilience assessment. Future work will address numerical 

inversion algorithms, real-time implementation on embedded BMS hardware, and the incorporation of quantum-inspired spectral 

methods suggested by recent logistics and energy-system studies [15, 26]. Experimental validation on instrumented bridge decks 

and on laboratory hybrid-vehicle battery packs is already under way 
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