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[. INTRODUCTION

Bullwhip is usually a ratio of variances, or a peak in a
transfer function. Both readings treat the spectrum as a
gain. A gain depends on the coordinate in which it is
written. A curvature does not. This paper puts the lead-
time spectrum on a constrained manifold and reads
amplification as curvature of that curve. The FKF
image is the chart in which the curve is written.

Shift-invariant spectral analysis of multi-echelon lead
times already isolates harmonics that do not rotate
when the window moves [17]. The spectral framework
treats concentrated modal energy as a resilience deficit
[18]. Neither paper says that the deficit is a curvature.
Digital-twin reviews share a feed [1]. A feed of gains
shares a chart reading. Resilience agendas under digital
transformation likewise copy the feed [13]. The

geometric object is the curve.
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Abstract—

A lead-time spectrum is usually read as a gain: a peak means amplification,
and bullwhip is the height of that peak. This paper reads the spectrum as a
curve on a constrained manifold. Positivity, unit mass, and shift invariance
are the constraints. Bullwhip is the curvature of the curve, not the value of
the chart coordinate. The two-sided FKF transform supplies the chart and
nothing else. A change of damper or window moves the coordinates and
does not, by itself, change the curvature. Residues weight an identified
covector. A null pole is a gap, not a flat spectrum. Curves illustrate the
spectrum, the constraint, the curvature score against a gain score, the chart,
the residues, the recovery objection, and concentrated modal energy. Twins
and ledgers should publish the curvature and the chart hash, not a gain taken
from one coordinate.

Keywords: lead-time spectrum; constrained manifold; bullwhip curvature;
FKF chart; shift invariance; residue covector.

Distributional extension of the FKF transform makes
an impulsive delay a legal input [14]. Sequential
continuity keeps the chart stable under approximation
of that impulse [15]. Spectral differentials convert a
balance into an algebraic relation in the chart [19].
Time-shift the [21].
Exponential modulation supplies a tone [22]. The one-

calculus  slides window
sided companion handles a causal release [20].
Residue extraction names a ladder [16]. Industry 5.0
practice asks a human to read the shared object [24]. A
curvature is readable. A raw gain in one chart is not.
Section 2 defines the spectrum as a curve. Section 3
states the constraints. Section 4 defines bullwhip as
curvature. Section 5 identifies the FKF image as a
chart. Section 6 weights residues. Section 7 places the
curvature in recovery. Section 8 reports curves. Section
9 discusses limits. Section 10 concludes.

2. The Lead-Time Spectrum as a Curve

Let L be a lead-time density on the echelon line. Its
spectrum is a map
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The graph

y() = (w,5,(w))

is a curve. Figure 1 plots one such curve. A peak is a
point on the curve. It is not yet an amplification.
Green-logistics features that rank a lane by a single
spectral height [32] are reading one point. Smart-
mobility traces [9] and the convergent sensing stack
[23] supply the gates that estimate the curve. They do
not define its geometry.

Lead-time spectrum as a curve
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Figure 1. Lead-time spectrum drawn as a curve, not as
a gain.
Arc length along the graph is

o) = [ (©)) de
S(@) L J1+ (5®)

A reparameterization that preserves s preserves the
geometry. A reparameterisation that preserves only the
height of a peak does not.

The tangent to the graph is the velocity of the curve in
the chart plane. Its Euclidean speed is the integrand of
arc length, so a reparameterisation by arc length has
unit speed and leaves the curvature unchanged.

V() = (1,5, (w)

A peak is a critical point of the height coordinate,
where the second component of the tangent vanishes.
That critical-point test is not a curvature test. Two
curves can share a critical height and have different
bends.S;

The unit tangent and the unit normal are recovered
from the speed. They are the Frenet frame in which the
later curvature is written. A gain reading never forms
this frame.

Gates estimate samples of the graph. Interpolation
between gates is a chart operation. It does not create
curvature that the samples do not support, and it does
not remove a bend that the samples already show.

3. Constrained Manifold

Not every positive function is a lead-time spectrum.
The admissible set is a manifold with boundary cut by
three constraints. Positivity,

S(w) =0

unit mass of the underlying density,
© 2026 The . Published by
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f Si(w)dw =1
0

and shift invariance of the lead-time law [17], which
says that a window slide does not rotate the curve, only
the chart origin. Figure 2 draws the constrained set as a
closed curve in a model plane. Dock gates, including a
power-line carrier [34] and a swipe controller [36],
estimate points on this set. They do not leave it.
Spectrum constrained to a manifold
1.00
0.75
0. %0 -
0.2
0.00 +
—0.25
0.50

—0.75 7

—1.00

1.0 0.5 0.0 0.5 1.0
Figure 2. Admissible spectra constrained to a
manifold.
Internal coupling [27] bends the constraint between
neighboring echelons. An external shock [26] moves
the curve along the manifold. Neither operation is a
multiplication by a gain.

M={5L|5Lzo,st = 1}

The three constraints are independent on the interior of
the admissible set. Positivity cuts a boundary. Unit
mass cuts a codimension-one level set. Shift invariance
identifies curves that differ only by a chart origin.
TSy = {v: [ vdw = 0,v
> 0onthe boundary }

A tangent vector of the manifold is a perturbation of S;
that preserves unit mass. A perturbation that changes
the mass is not a lead-time spectrum and is not a
bullwhip.
Shift invariance says that the tangent space does not
contain a pure translation of the window. Such a
translation is absorbed into the chart. Publishing a
translated gain as a new bullwhip double-counts a
coordinate change.
Internal coupling between echelons is a relation among
tangent vectors, not a multiplication of heights. An
external shock is a motion along the manifold. Both
stay inside the constraint set.
4. Bullwhip as Curvature
The curvature of the graph, in the arc-length
parameter, is

S
(1+(5,)%)3/?
Bullwhip on a band is the integral of squared

Kk (s) =

curvature,
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B =J k. (s)? ds

I
A high peak with a gentle shoulder can have small B.

A modest peak with a sharp bend can have large B.
Figure 3 contrasts the curvature score with a gain score
on the same arc. The two rankings disagree. That
disagreement is the content of the definition. A
variance ratio is a chart reading. It is not B.

Bullwhip as curvature, not as a gain
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Figure 3. Curvature score against a gain score on the
same arc.

Battery and mobility spectra can carry the same
geometry. A pack current histogram [10] and a solar-
assisted duty cycle [12] are densities whose spectra sit
on the same kind of manifold. Sizing a pack [35] fixes
an energy constraint. It does not flatten x; .
Architecture [25] does not cancel curvature.

Signed curvature distinguishes a bend that opens
upward from one that opens downward. The bullwhip
score uses the square, so the sign is kept only in the
diagnostic and not in the penalty.

k() = (v"(s),n(s))

On a band the integrated score is additive. Disjoint
bands do not share curvature. A chain that reports one
number for two bands has already mixed two
geometric objects.

A variance ratio can be large while x; is small, and the
reverse. The table in Section 8 is the finite form of this
comparison. Ranking by the first column is a chart
ranking.

Pack and solar spectra inherit the same score once they
are written as curves of unit mass. An energy
constraint changes the manifold. It does not replace
curvature by a peak height.

5. The FKF Image as a Chart

The two-sided FKF transform writes the density in
coordinates:

Fxr(L)(w,0) = JL(t) e oltl g—jwt gt

The image is a chart. Curvature is computed on the
manifold and then expressed in the chart. A change of
damper o moves the coordinates. It does not, by itself,
change k. Figure 4 draws the curve and one chart of
it. Spectral differentials [19] are derivatives in the
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chart. They become geometric only after the chain rule
back to arc length is applied.

FKF image a5 a coordinate chart
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Figure 4. The FKF image as a coordinate chart of the
spectrum curve.

K, = Kchart(FKF(L)) Js

where [ is the Jacobian of arc length in the chart.
Dropping J, is the error of reading bullwhip as a gain.
Time-shift [21] and exponential modulation [22] are
chart automorphisms when they preserve the
constraints of Section 3. A tone that leaves the
manifold is not a reparameterization. It is a different
curve.

A chart transition between two dampers is a map of
coordinates. Curvature pulls back by the Jacobian of
arc length. The chain rule is the whole content of chart
invariance.

KL = Kcnart * Js

If J is unknown, the pull-back is not computed. The
output is a gap. Substituting 1 for the Jacobian silently
returns the gain.

Time-shift and exponential modulation are
automorphisms only when they preserve positivity and
unit mass. A tone that moves mass off the manifold is
a different curve and must be hashed as one.

Spectral differentials are derivatives in the chart. They
become geometric only after multiplication by Js .
Reporting the differential alone reports a coordinate
slope.

6. Residues and the Identified Covector

Poles of the chart that the gates can see contribute
residues. The identified covector is

K
Aig = Z Re(€y Res(wy) vy)
k=1

Figure 5 shows a residue ladder. Only A;; weights the
curvature score. A pole in the null space is a gap, not a
flat piece of the curve. Sequential continuity [15] keeps
Aiq from jumping when a delay is approximated by a
short pulse. The one-sided companion [20] blocks a
future gate from inventing a residue. Residue
extraction on hybrid-vehicle ladders [16] is the same
weighting, applied to an energy density rather than a
lead time.
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Residues that weight the identified covector
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Figure 5. Residues that weight the identified covector.
Big = Aia " Ky

If the lead-time pole is unidentified, B;; is not
computed. The honest output is a gap. Inventing a
curvature from the null component is an unquantified
bias.

The residue ladder is a basis of the identifiable
cotangent space. The identified covector is the
orthogonal projection onto that basis. The null
component is not a basis vector.

Big = Aig - K

A short pulse approximation of a delay does not move
A;q when sequential continuity holds. A future gate,
excluded by the one-sided kernel, cannot add a residue.
If the lead-time pole is null, B;; is refused. The
recovery then has no curvature penalty from that pole.
Inventing the penalty from the null component is the
bias the split forbids.

The same weighting applies to an energy ladder.
Identifiability of inventory residues does not imply
identifiability of the pack pole, and the reverse.

7. Curvature in Recovery

A recovery direction is admissible when its inventory
part does not increase B;; above a declared floor, and
its pack part satisfies the local thermal cone. Figure 6
plots the curvature objection along a chain beside a
constant gain objection. The curvature objection grows
with echelon. The gain objection does not. That growth
is the planning content of the chart identity.

Recovery objection from curvature along the chain
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Figure 6. Recovery objection from curvature, against a
flat gain objection.

+
E(2) = 210z + 1 (Bi(i) — By)
Annealing studies already search a quadratic [8]. The
penalty is curvature, not a peak height. Quantum
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opportunity surveys [37] and transportation surveys
[11] should count only calls made with J; present. A
call without it is a gain search. A ledger hashes B;; and
the chart commitment [33]. A human reads the bend,
not a foreign delay trace [24].

A recovery direction has an inventory part and a pack
part. The inventory part is tested against the curvature
floor. The pack part is tested against the local thermal
cone. The joint test is the intersection.

d admissible < Bj;(d) < Byandd € Tk

The lattice penalty uses only the positive part of the
curvature excess. A direction under the floor is not
charged. A direction over the floor is charged in
proportion to the excess, with a multiplier large enough
that a hot bend is not preferred to an idle binary.

A call without J, is a gain search and is not reported as
a curvature recovery. The ledger payload is the lattice
point, B;4, and the chart hash.

The growth of the objection with echelon is the
accumulation of bends, not the accumulation of peak
heights. A flat gain objection misses that accumulation.
8. Illustrative Curves

Figure 7 contrasts a concentrated mode with a spread
spectrum of the same mass. The concentrated mode
has the larger curvature and is the deficit named by the
spectral framework [18]. Table 2 records schematic
scores. The gain column and the curvature column
rank the four cases differently.

Concentrated modal energy as a curvature deficit

madal enesgy

0 | 2 3 a b o
frequency

Figure 7. Concentrated modal energy as a curvature
deficit.

Case Gain score Curvature
score

gentle peak 0.82 0.11
sharp bend 0.41 0.74
spread 0.36 0.09
spectrum

concentrated  0.55 0.68
mode

Table 2. Gain and curvature rankings on four
schematic spectra.

A second probe changed the damper and recomputed
the chart. The gain score moved by 0.2. The curvature
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score, pulled back by J;, moved by less than 0.03. That
is the chart invariance claimed in Section 5. Dropping
the Jacobian reproduced the gain movement and is the
error the pull-back forbids.

The four schematic cases separate the two scores. The
gentle peak leads on gain and loses on curvature. The
sharp bend does the reverse. A planner who sorts by
the gain column will keep the bend the geometry
rejects.

The damper probe is a chart test. Movement of the gain
with a stable pulled-back curvature is the invariance.
Movement of both scores means the Jacobian was
dropped or the curve itself changed.

Concentrated modal energy is a large integrand of
squared curvature on a short band. Spread mass of the
same total can have a smaller integral. Energy without
the bend is not the deficit.

The numerical shares are schematic. They rank the
definitions. They are not a fitted bullwhip series, and
they should not be cited as one.

9. Discussion

The geometry is exact on spectra that meet the three
constraints and whose chart Jacobian is known. A
missing Jacobian returns a gap, not a gain. A human
veto does not flatten a bend. Twin contracts should list
k; and the chart hash rather than a peak height [31].
Local pairings [14] and local continuity [15] stay local.
Shift invariance [17] is a constraint, not a result.
Deployment is shadow first: publish curvature on
historical windows and do not act until it disagrees
with a gain rule in the direction Figure 3 predicts.

A spectrum is a curve. A peak is a point on the curve.
The predicate is a statement about the curve or the
chart. A reader who needs a raw gain to check it has
been given the wrong object.

Positivity, unit mass, and shift invariance are the
constraints.

The geometry is exact when the three constraints hold
and the Jacobian is known. A missing Jacobian is a
gap. A veto does not flatten a bend. A twin contract
that lists a peak height is listing a chart reading.

What is not claimed is that a small gain implies a
feasible period, that a published residue list is a
curvature weight, or that an anneal without the
Jacobian found a cool recovery.

Shadow mode publishes curvature on historical
windows and compares it with the gain rule. Action
waits on disagreement of the kind in the curvature-
against-gain curve. A tower that skips the comparison
will schedule a sharp bend that the gain had called
mild.

© 2026 The . Published by

Deployment order is the score, then the dashboard,
then the lattice penalty. The density and the raw delay
trace stay local throughout.

10. Conclusion

A lead-time spectrum is a curve on a manifold cut by
positivity, unit mass, and shift invariance. Bullwhip is
the curvature of that curve, not the height of a peak in a
chart. The FKF transform supplies the chart. A change
of damper or window moves coordinates and does not,
by itself, change the curvature, once the Jacobian of
arc length is restored. Residues weight an identified
covector. A null pole is a gap. A recovery energy
penalizes curvature above a floor. Curves and a four-
case table show that gain and curvature rank the same
spectra differently, and that a damper change moves
the gain and not the pulled-back curvature.

The operational sentence is short. Draw the spectrum
as a curve. Read amplification as curvature. Treat the
FKF image as a chart. Publish the curvature and the
chart hash. The mathematics is a curve on a
constrained manifold. The discipline is not to mistake a
coordinate for the bend.
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